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Preface

This book has arisen from lectures given by the first author at ETH
Ziirich in the Wintersemester 1988—1989 under the Nachdiplomvor-
lesung program and subsequent lectures by both authors in various
localities, in particular at an instructional conference organised by the
DMYV in Blaubeuren. Our object has been to give an account of the the-
ory of linear forms in the logarithms of algebraic numbers with special
emphasis on the important developments of the past twenty-five years
concerning multiplicity estimates on group varieties.

As will be clear from the text there is now much interplay between
studies on logarithmic forms and deep aspects of arithmetic algebraic
geometry. New light has been shed for instance on the famous con-
jectures of Tate and Shafarevich relating to abelian varieties and the
associated celebrated discoveries of Faltings establishing the Mordell
conjecture. We give a connected exposition reflecting these major
advances including the first version in book form of the basic works
of Masser and Wiistholz on zero estimates on group varieties, the ana-
lytic subgroup theorem and their applications. Our discussion here is
more algebraic in character than the original and involves, in particular,
Hilbert functions in degree theory and Poincaré series as well as the
general background of Lie algebras and group varieties. On the other
hand, the first three chapters have been written on a more basic level in
the style of Baker [25]; since its publication in 1975, the latter has been
the classical introduction to transcendence theory, and especially to the
subject of logarithmic forms, and it may still be regarded as the standard

ix



X Preface

work in this field. The text here gives in essence a new rendering and
updating of Chapters 1 to 5 of [25].

We are most grateful to Camilla Grob for her unstinting help in taking
down our lecture notes with a view to publication and to S. Gerig, E Yan
and O. Fasching for their generous assistance in connection with the
detailed preparation of the text, in particular with the BIEX typesetting.
We are much indebted to Professor D. W. Masser for reading through a
draft of the book prior to publication and for making many detailed and
helpful suggestions. Further we thank Professor P Cohen for reviewing
aspects of the book, in particular in connection with Chapter 8. Finally
we acknowledge with gratitude the generous support of the Forschungs-
institut at ETH in arranging a variety of visits so that we could complete
our work.

A. Baker and G. Wiistholz (Cambridge and Ziirich)
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Transcendence origins

1.1 Liouville’s theorem

In 1844 Liouville showed for the first time the existence of
transcendental numbers, that is numbers which are not algebraic and
so are not roots of any polynomial with integer coefficients [147]. The
following approximation theorem by Liouville allowed a certain type of
number to be established as transcendental.

Theorem 1.1 (Liouville) If« is an algebraic number with degree n > 1
then, for all rationals p/q (p, q € Z, q > 0), we have

for some constant ¢ = c(a) > 0 (that is, c is only dependent on «).

Proof. Let P(x) be the minimal polynomial for « (that is the irreducible
polynomial P with P(«) =0, with the coefficients of P integers, with
the leading coefficient positive and with the greatest common divisor
of the coefficients equal to 1). We can assume that « is real and that
e —p/ql <1, for otherwise the theorem is trivially valid. By the mean
value theorem we have P(a) — P(p/q) = (a —p/q)P’(¢) for some &
between « and p/q. Then & belongs to (¢ — 1, + 1) and therefore
|P'(£)| < 1/c for some ¢ = c(r) > 0. Since P(a) =0 we get

p(g)l.

:
a——|>c
q
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Since P is irreducible of degree n, P(p/q) # 0 and |¢"P(p/q)| is an
integer, whence |P(p/q)| > 1/4" and the theorem follows. O

Now let us look at some numbers for which this theorem provides a
proof of their transcendence.

Example 1.2 The number

o0

=Y 107"

n=1
is transcendental.

Forletp, = 108 Y% _ 10~ and ¢y = 10" fork=1,2,...; then py,
qy. are relatively prime rational integers and

o o
'g_& = Y 107" <107 DY 107"
L n=0

10 k41 —k

Since k tends to infinity there cannot exist a constant ¢, as in the the-
orem, only depending on &. Therefore £ is transcendental. Further, as
immediate consequences of Liouville’s theorem, we have the following.

Example 1.3 Any non-terminating decimal of the type
0.a10---0a20---0a30 ---,

in which blocks of zeros increase in length sufficiently rapidly, is
transcendental. Similarly any continued fraction in which the partial
quotients increase sufficiently rapidly is transcendental.

In 1906 Maillet published the first book on transcendental numbers
[159]. He showed here, amongst other things, that there exist tran-
scendental numbers whose continued fractions have bounded partial
quotients.

Example 1.4 Continued fractions of the type

[1,....1, a1, 1,....,1,ap, 1,...,1, a3, 1,...]
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are transcendental, where a; % 1 and the number of repeated partial
quotients increases sufficiently rapidly.

The subject of continued fractions of Maillet type was taken up by
Baker [11] and it continues to be of research interest (see e.g. [180]).
Maillet’s proof was based on an approximation theorem with quadratic
irrationals. In 1961, Giiting [122] obtained an elegant theorem of this
kind relating to numbers of arbitrary degree. In order to state the result
we need the concept of the height of an algebraic number; in fact some
notion of height occurs throughout our text. Let « be an algebraic number
and let the minimal polynomial for o be

1

Px)=aopx"+a1x""" 4+ -+ +a,.

Definition 1.5 The (classical) height of « is given by
H (o) = max(laol, ..., |anl).

Now let @ and B be distinct algebraic numbers with heights a and b,
and let /, m be the degrees of 8 over Q(«) and o over Q(8) respectively.
Then Giiting’s theorem reads as follows.

Theorem 1.6 We have
la — Bl > a b,

Here we are using Vinogradov’s notation: by f > g for functions f,
g we mean f > cg for some positive constant ¢ and similarly by f < g
we mean f < cg. The constant ¢ in Theorem 1.6 is effective and for an
explicit expression in terms of / and m see [122].

Proof of Theorem 1.6. Giiting’s argument is essentially a straightfor-
ward generalisation of Liouville’s. It depends on the fact that

lah b N (@ — )| > 1,

where ag and bg are the leading coefficients in the minimal polynomials
for  and B, and N denotes the field norm with respect to Q(«, 8).
The field conjugates oj — B; of @ — B have absolute value at most
(I + |oj[)(1 +1B;]) and estimates for aé [1(1 + o) and by [TA+18iD
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in terms of the heights a and b, where the products are taken over all
field conjugates, date back to Landau; see [33, §2]. In fact Theorem
4.2 of LeVeque’s book [145] shows that the expressions are at most
6"a' and 6"b" respectively where n denotes the degree of Q(, 8) and
Theorem 1.6 follows. o

A much deeper result in the context of Liouville’s theorem was dis-
covered by Thue [243] in 1909 and Thue’s work was subsequently
developed in important papers by Siegel [226], Schneider [212],
Dyson [81], Gelfond [ 108] and Roth [204]. Let « be an algebraic number
with degree n > 1 and consider the inequality

for ¢ =c(w, ) > 0 and p, ¢ rational integers. Then Thue showed that
c(a, ») exists for » > %n + 1. The result was sharpened by Siegel to
»x>s+n/(s + 1) for any positive integer s, in particular to > > 2./n,
and this was further improved by Dyson and Gelfond independently
to »>/2n. Finally Roth showed that there exists c(«, 2>) >0 for
any » > 2 and, by continued fraction theory for example, this is best
possible.

Theorem 1.7 (Thue-Siegel-Roth) If 3 >?2 then there exists
c(a, 32) > 0 such that the above inequality holds for all rationals p/q

(g>0).

Thue was motivated by studies on Diophantine equations and one of
the main applications of his result was a demonstration of the finite-
ness of the number of solutions of the equation F(x,y) = m where
F is an irreducible binary form with integer coefficients and degree at
least 3 (see Section 3.3). Siegel’s sharpening led to his famous theo-
rem that there are only finitely many integer points on any algebraic
curve of genus at least 1. The works of Thue and Siegel were based
on the construction of a polynomial in two variables by means of the
box principle and they yielded an estimate for the number of solutions
to the equations in question. But they did not furnish an estimate for
the sizes of the solutions and so they did not enable one to actually
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solve the equations. The reason lay in the ineffectiveness of the con-
stant ¢ in Theorem 1.7 and its earlier versions subsequent to that of
Liouville; it arises from a purely hypothetical assumption at the begin-
ning of the proof that « has at least one good approximation p/g with
large g. The first effective improvement on Liouville’s theorem for
some particular algebraic numbers was obtained by Baker [12] using a
method involving hypergeometric functions. As an example he showed
[13] that

3 p 6 |
2 - 5‘ > 10 755

This immediately yields a bound in terms of m for all integer solutions
of the Diophantine equation x> — 2y> = m and indeed it enables one to
solve the equation completely for any reasonably sized m. Many other
examples of this type relating to approximation to fractional powers of
rationals can be given; see especially [69]. However, it was not until
Baker’s development of the theory of linear forms in the logarithms
of algebraic numbers [15] that one was able to give the first general
effective improvement on Liouville’s theorem. The latter theory and its
ramifications will be the main theme of this book.

Before closing this section it should be mentioned that Bombieri
[47] (see also the discussion in [48]) has recently succeeded in obtain-
ing an alternative approach to questions on effective improvements on
Liouville’s theorem. His work is based on the original Thue—Siegel tech-
nique and surprisingly he shows that this can be made effective. But the
method based on the theory of logarithmic forms would seem at present
to be stronger.

1.2 The Hermite-Lindemann theorem

In 1873 Hermite [127] proved that e is transcendental. His proof was
based on Padé approximants to ¢%, . .., ™. Lindemann [146] extended
Hermite’s method to €%, ..., %" and showed thereby in 1882 that
7 is transcendental (see Section 6.3 for further historical details). In
fact Lindemann proved a much more general result which includes the
transcendence of e and 7 as special cases.
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Theorem 1.8 Whenever ay, . . ., o, are distinct algebraic numbers and
Bos - - ., Bn are non-zero algebraic numbers we have

Boe™ + -+ + Bpe™ # 0.

Plainly the transcendence of e follows on taking «; = j and the f
as integers or simply on takingn = 1, 9 = 0, @1 = 1 and g1 = —1.
Further, the transcendence of 7 follows from Euler’s equation ™ = —1.
It is also readily seen that Theorem 1.8 implies the transcendence of ¢*
and log o for algebraic « # 0, 1, and also the transcendence of the
trigonometric functions cos «, sin o and tan « for algebraic o # 0.

Proof of Theorem 1.8. Aproof of the theorem is givenin [25, Ch. 1, §3].
We shall not repeat the details here but shall give instead a demonstration
of the transcendence of 7 following the same method.

Accordingly suppose that 7 is algebraic. On defining ¥ = im and
using Euler’s identity ¢ = —1 we get ¢” = —1 whence

@+ 1) (" +1) =0,

where 91, . . ., ¥4 denote the conjugates of ¢. On expanding the left-hand

side we obtain a sum of 2¢ terms ¢©, where
O=¢et+ -+

and &; = 0 or 1; we suppose that precisely n of the numbers © are
non-zero and we denote these by «1, . . ., o,. We have then

bo + b1e*' + -+ +bpe* =0,

where by is the positive integer 24 _ p, where by = --- = b, = 1 and
af,...,q, are algebraic numbers such that Q(«q,...,®,) is a Galois
field, thatis «, . . ., o, can be written as complete sets of conjugates. We

proceed to show that the equation is impossible; indeed we shall prove
this under the more general assumption that the b are arbitrary integers
such that for each complete set of conjugates o, ..., a, the corre-
sponding by, ..., by, are equal. The latter assumption and the Galois
condition hold trivially on taking o; = j and so our result will then
include the transcendence of e.
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We define
t
1) = / ' () du,
0

where f(x) = I"’xP~1(x — a1)? - - - (x — &,)P; here p denotes a large
prime and [ is any positive integer such that lay, ..., lo, are algebraic
integers. Now by iteration of partial integration we get

In=e> fP0-> 90,
j=0 j=0

where m = (n+ 1)p — 1 and ) is the jth derivative of f. Let f be the
polynomial obtained from f by replacing each coefficient of f with its
absolute value; then

@] < |t f(lel).
We shall compare estimates for
J =bil(ar) + -+ bul (o).
By the exponential equation and the expression for /(¢) above we have

J=) b Y OO =Y by fP )
k=1 j=0

k=1 j=0

==by ) OO =) > bif V().

Now we know by our Galois assumption that J remains fixed under
the automorphisms of Q (algebraic closure of Q) and is therefore a
rational integer (note that the coefficients of f* are symmetric in the ;).
By the definition of f we havef(j) () =0forj <p andf(j) 0)=0
forj <p—1and

FORO) = D" (p = D ey - o).
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If p is sufficiently large (not dividing /"« - - - a,,) then (P~ (0) is
divisible by (p — 1)! but not by p!. Hence we obtain

J = —bof "7V(0) - (bo 2P0 + Zzbkf(j)(ak)>-

Jj=p Jj=p k=1

The expression in brackets is divisible by p!. Thus J is divisible by
(p — D! and not by p! whence |J| > (p — D).

On the other hand we have f_ (‘ozj ‘) < CP for some constant C inde-
pendent of p and by the estimate for /() we get |J| < ¢ for some
constant ¢ independent of p. This gives a contradiction, as required. O

A classical form of Lindemann’s theorem which is equivalent to
Theorem 1.8 is the following.

Theorem 1.9 (Lindemann) If «y,...,a, are algebraic numbers lin-
early independent over QQ then

o]

e“l, ..., e*n

are algebraically independent.

Proof. For any polynomial P(xy, ..., x,) with algebraic coefficients
not all zero the equation P(e”!, ..., e*) = 0 implies that

Bre®t + - + Puen =0

with algebraic O‘/p ...,a,, which are different linear combinations of
o1, ...,q, with integer coefficients and with f,..., 8, not all zero.
This contradicts Theorem 1.8. Conversely Theorem 1.8 is an immediate
consequence of Theorem 1.9 on observing thatif«y, . . . , o, are algebraic
and distinct and if w1, . . ., wy is an integral basis for Q(«1, . . ., ;) then,
for some positive integer /, each ¢ is expressible as a linear combination
of w1/1,...,wq/l with integer coefficients. O

Studies arising from the Hermite—Lindemann theory have yielded
measures of irrationality and transcendence for e and 7 and other related
numbers. Mahler [155] obtained an especially striking result in this
context, namely

T —p/ql > 1/¢*
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valid for all rationals p/q (¢ > 1); for further developments see D. V.
and G. V. Chudnovsky [66]. In connection with e we have the continued
fraction

e=102,1,2,1,1,4,1, 1,6, ...]

and this implies a very sharp measure of irrationality (see Davis [77]);
in particular we have

le —p/ql > c/q**

for any ¢ > 0, where ¢ = c(¢) is an effective positive constant, and here
one can replace ¢ by a function £(¢g) — 0 as ¢ — oco. More generally
we have the measure of transcendence

le —a| > C/Hn+l+e

valid for all algebraic numbers « with degree n and height H, where c is
a positive constant depending on n and ¢. In fact much more is known
about the approximation properties concerning e and its powers. Indeed
it has been proved (see [ 14; 25, Ch. 10]) that there are only finitely many
non-zero integers ag, di, . . . , a, such that

lay - - anl" T Jag +are + - Fape’| < 1

or, equivalently, that there are only finitely many positive integers g and
integers p1, . .., pp such that

q"* lge —pil - |ge" —pa| < 1.

In other words, the vector (e, €2, ..., €") is not very well multiplica-
tively approximated in the language of Kleinbock and Margulis [130].
The same holds for any vector (e’!, ..., ¢) with distinct non-zero
rationals rq, ..., ry.

1.3 The Siegel-Shidlovsky theory

In afundamental paper of 1929, Siegel [228] introduced the concept of an
E-function and established the algebraic independence at algebraic argu-
ments of the values of E-functions subject to them satisfying linear
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differential equations of the first or second order. Shidlovsky [221] suc-
ceeded in 1954 in generalising Siegel’s method to differential equations
of arbitrary order and many valuable results have followed. For a dis-
cussion of the Siegel-Shidlovsky theory see [25, Ch. 11]; we shall give
here only a brief indication of some illustrative details.

Siegel defined an E-function as a series

oo

Z anx_’: 5

= on
where ag, ay, . . ., a;, . . . are elements of an algebraic number field K such
that, for some sequence of positive rational integers by, b1, . . . and for
any ¢ > 0, the numbers b,a9, byay, . . ., bya, and b, are elements of the
ring Ok of algebraic integers of K with sizes <« n*"* where the implied
constant depends only on €; here by the size of an algebraic integer we
mean the maximum of the absolute values of its conjugates. Siegel noted
that sums, products, derivatives and integrals of E-functions are again
E-functions. He considered E-functions E;(x) (1 < i < n) that satisfy a
system of linear differential equations

Yi= Y fiy (A <i<n,

j=1

where the f;; are rational functions over K. In view of the work of
Shidlovsky [221] referred to above we have the following theorem.

Theorem 1.10 (Siegel-Shidlovsky) Let « be an algebraic number in
K distinct from the poles of the fij. If the functions Ej(x), ..., E,(x)
are algebraically independent over K(x) then Ei(a), ..., E,(x) are
algebraically independent over K.

Apart from [25, Ch. 11] cited above, other references for the Siegel—
Shidlovsky theory are Mahler’s tract [ 1 58] and Shidlovsky’s book [222].
Note that Theorem 1.10 includes Theorem 1.9 of Lindemann as a special
case. Indeed one has simply to take Ej(x) = e%* (j = 1,...,n); these
are clearly E-functions satisfying differential equations as above with
fij(x) = aj wheni = j and 0 otherwise. Siegel himself gave the example
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Ei (x) =Jox), Er(x) = Jé (x) where Jy(x) is the Bessel function, that is

Jo) =Y (n,l));(—) ,

n=0

and he deduced that Jo(«) and Jjj(«) are algebraically independent for
any non-zero algebraic number «. In particular, as he observed, this
implies that the continued fraction [1, 2, 3, .. .] is transcendental. Many
further examples can be found in the literature.

In order to illustrate the method of proof of Theorem 1.10 we shall
show, in the case K = Q, that if the functions Ej(x), ..., E,(x)
are linearly independent over K(x) then Ej(), ..., E,(x) are lin-
early independent over K. This includes the transcendence of e as
one sees by taking Ej(x) =¥ (1 <j<n) and o =1. The result for
general K with degree d is that the maximum number of elements
Ei(a),...,E,(x)thatare linearly independent over K is at least n/d (see
[222, Ch. 3, §11]). Theorem 1.10 follows readily from the latter on
applying the result to power products (£ - (Ep (X)) of the given
E-functions.

Proof of Theorem 1.10. Suppose ¢ > 0 and let r be a large rational
integer. From [25, Ch. 11, Lemma 4] there exist rational integers g;;
(I < i,j < n) with det(g;;) # 0 (for details of the construction see
below) such that

> aiEi(@)

i=1

< ()T (A <j<n)

and

|q,-j| < (rH'e.
Now suppose that Ej(«), ..., E,(«a) are linearly dependent over Q so
that

prE(@)+ - +ppEy(a) = 0,

where the coefficients are rational integers, not all zero. Since the deter-
minant of the g;; is not 0, it follows that there exist n — 1 of the



12 Transcendence origins

forms

n
L =Y qjE@ (1<j<n)
i=1
which together with the linear form above in the p; make up a linearly
independent set. Without loss of generality we can suppose that they are
given by L, ..., L,. We shall suppose also, as we may, that E1(«) # 0.
Let D be the determinant of order n given by

P1 q12 -+ dqin

P2 422 q2n
D= . )

Pn 4n2 --- Y4nn

By construction, D is a non-zero rational integer and so we have [D| > 1.
On the other hand, by taking linear combinations of rows, we see that

0 L, --- L,

P2 422 q2n
Ey(@)D = | . ) :

Pn 4n2 --- Yumn

The elements in the first row on the right are < (r!)~"F1+¢" the
remaining elements are < (r!) 1+¢ and thus we obtain

|D| << (r!)(1+e)(n72)fn+1+an S (r!)*1+28n.

Hence if ¢ <1/(2n) we have a contradiction for r sufficiently large.
We conclude that £ (@), .. ., E,(«) are linearly independent over Q, as
required. O

To obtain the integers g;; indicated in the proof above one first con-
structs polynomials P;(x) (1 < i < n), not all identically zero, with
degrees at most r and with integer coefficients having absolute values
at most (r1)!*¢ (smaller ¢ than above) such that

D PE® = ) onx",
i=1 m=M
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where |0, < PH(m)~ " and M = n(r + 1) — 1 — [er]. This is
established by means of a version of a famous lemma of Siegel relating
to the existence of a small non-trivial solution to a system of linear
Diophantine equations (see Section 1.4); a lemma of this kind occurs in
fact throughout transcendence theory. One now differentiates the power
series equation above n times so as to give a set of polynomials P;;(x)
satisfying an equation of the form

n o0
Y P E® = ) omx".
i=1 m=M

The rationals p;; = Pjj(«) have a common denominator a < ¢" for some
constant ¢ independent of r and on taking g;; = ap;; we obtain integers
asin [25, Ch. 11, Lemma 4] except for the condition det(g;;) # 0.

To derive the latter one differentiates the power series equation further,
following Siegel, 80 as to give a new set of polynomials P; ;) (x) where
the J(j) (1 <j < n) are distinct suffixes < er. The g;; are then defined
in terms of the new set and the estimates are essentially the same as
before. But the suffixes J () can be chosen so that det(g;;) # 0. The lat-
ter depends on the fact that the determinant A (x) = det(P;;(x)), though
possessing a zero at x = 0 of high order, does not vanish identically;
it is a consequence of the assumed linear independence of Eq(x), ...,
E, (x) over Q(x) (or more generally K(x)) together with the recurrence
relations satisfied by the P;;(x) by virtue of the differential equations.
Siegel obtained the result for differential equations of the first and sec-
ond orders and it was Shidlovsky’s major contribution to the subject to
establish the result for equations of arbitrary order. We refer again to the
texts cited above for details.

1.4 Siegel’s lemma

As mentioned in Section 1.3, there is a basic lemma that occurs
throughout transcendence theory on the solution of linear Diophan-
tine equations. It was implicit in the work of Thue [243] of 1909 and
it was given explicitly by Siegel [228] in his work on E-functions
in 1929.
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Lemma 1.11 Let M, N be integers with N > M > 0. For each integer
Jwithl <j < N leta; (1 <i < M) be integers with absolute values
at most A; (> 1). Then there exist integers x1, . . ., Xy, hot all zero, with
absolute values at most

M
X = [Jwap /™=,
i=1

such that
N

dagxi=0 (1<i<M).

j=1
Proof. Let B = [X]. There are (B + DN setsxq, ..., xy of integers with
0<xi<B(l <j<N)and we have

—ViB <y =WB (I1<i<M),

where y; = Zj\’: 1 @jj xj and —V;, W; are the sums of the negative and pos-
itive a;; (1 < j < N) respectively. Thus W; + V; < NA;. Hence there are

at most
M
]‘[ (NA;B+ 1)
i=1

sets yi, ..., yum. Since, by the definition of B,

M
B+ DN M > TTwvay
i=1

and, by assumption, A; > 1 we have

M
B+DY > [T B+ D).
i=1

Thus there are two sets xi, . ..,xy which give the same set y1,...,ym
and their difference gives the required solution. O

The version of the lemma given above appears in Cassels’ book [63]
and it is a little sharper than Siegel’s original result; in place of the
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value of X Siegel gave the bound (NAYM/WNV=M) 1 1 where A is the
maximum of the A; (1 < i < M). A generalisation of the lemma to
algebraic number fields occurs in Schneider’s book [216] (see also [25,
Ch. 5, §3]) and there is a further version in Dobrowolski’s paper [78] but
the most comprehensive and precise result to date is due to Bombieri
and Vaaler [50]. Let K be an algebraic number field with degree d and
discriminant A and let Ok be the ring of algebraic integers in K.

Lemma 1.12 Suppose that N > M and let
N
L = Zaijxj (I<i<M)
j=1

be linear forms with coefficients in K. There exist elements x1, . ..,xy
in Ok, not all zero, such that Li(xy, ..., xy) =0(1 <i < M) and

M
1/(N—M)
Hx < (A2 T mw)) ™.

i=1

Here H (x) and H (L;) denote the Weil heights of x = (xq, ..., x,)
and L; respectively, that is

H(Xx) = 1_[ (m]{s\x x],), H@L) = 1_[ (mjax laijl, )

v v

where the products are over all places v of K; we are using the normalised
absolute values, that is

pl, =p~ " @i wp, Il = R v o,
where K, is the completion of K at v and |x| is the real or complex
absolute value corresponding to K.

Though we shall not need to use Lemma 1.12 later in the book, we
remark nonetheless that the proof is based on Minkowski’s convex body
theorem in the Geometry of Numbers rather than the box principle as
in Lemma 1.11 and the approach is through the theory of adeles in
algebraic number fields. In particular it involves an adelic version of
a theorem of Minkowski on the products of successive minima (cf. a
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theorem of McFeat [175]). The work originates from Vaaler [247] in
which he proved a conjecture of Good to the effect that if Cy is a cube
of volume 1 centred at the origin in R" and if Py, is any M-dimensional
linear subspace of RV then Cy N Py has M-dimensional volume > 1.
The conclusion of Bombieri and Vaaler [50] reduces to

1/(N—M)
| < (D~"Ider(aa))""?) (1<j<N)

under the hypotheses of Lemma 1.11, where A = (a;j) is assumed to
have rank M and D is the greatest common divisor of the minors of
order M in A. This yields in particular a sharpening from N to N'/? in
the classical bounds.

1.5 Mabhler’s method

A general method for establishing the transcendence of values of
functions satisfying functional equations was described by Mahler in
1929 (see [151, 152, 153]). The area was neglected for many years
and it only came to fruition after Mahler himself recalled his early
work in 1969 [156]. The latter paper gave rise to studies on finite
automata (Loxton, van der Poorten), topological dynamics (Morse,
Hedlund), harmonic analysis, fractals and statistical mechanics
(Allouche, Mendes-France) and on quasi-crystals (Bombieri, J. E.
Taylor); for references see Loxton and van der Poorten [150], Loxton
[149], Nishioka [188] and for some related irrationality problems see
Erd6s [85]. We illustrate the method by proving one of the basic results of
Mahler.

Theorem 1.13 The Fredholm series 2?;0 7" is transcendental for any
algebraic number z = o with 0 < |a| < 1 and any integer [ > 2.

Proof. Suppose on the contrary that f («) is algebraic where f (z) denotes
the above series. By ¢, ¢y, ¢2, ... we shall signify positive real numbers
which depend only on f and «. Further we shall denote by k a large
rational integer, that is, a parameter > ¢ as above, and by C, C1, C», . ..
positive real numbers which depend only on k.
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We begin by establishing the existence of rational integers p(X, 1),
not all zero, with absolute values at most C such that the function

L L
0@ =YY pOw 2 (f@)*

A=0 pu=0

satisfies
o) =0 (0<j<kh),

where L = 2[«/% ] and ¢/ denotes the jth derivative of ¢. Indeed we
have
e P0) =1 Y pOu ) g(s ks ),

where the sumisoverall A, u withO < A, u < Land withA+pu < j. Here
q(j, A, 1) is the Taylor coefficient of zZ~* in the expansion of (f (z))*
at z = 0 and, since the Taylor coefficients of f are integers, it is an
integer. We have to solve k linear equations in the (L + 1)? unknowns
p(A, ) and this can be done since (L + 1)? > k; note that there is no
need here for a Siegel lemma. Further, ¢(z) does not vanish identically
since f (z) is a transcendental function; the latter follows from the fact
that 7 = >/ is a pole of f(z) for all integers s, m since z/" = 1
whenever m < n, whence the function has a dense set of singularities
on the circle |z] = 1. Thus ¢(z) ~ az” as z — 0 for some @ # 0 and
some integer r > k. This gives

0 < }(p(alh)‘ < Cllalklh < ook

for all integers h > C5.
On the other hand we have

@) =f@—a—a — - =",

and hence ¢ (o lh) is an algebraic number with degree at most c3, anumber
depending only on f and «. Further, since from the functional equation
each conjugate of f (ozlh) has absolute value < cfth, it follows that each
conjugate of go(oz’h), obtained by allowing «, f () to run through their
respective conjugates, has absolute value at most Cgcélh. The same esti-

mate plainly holds for a denominator of <p(ozlh), that is a positive integer
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h . [ .
a such that ag(a!") is an algebraic integer, and hence on taking norms
we get

Here we are using
|Norm (ago(ozlh))| > 1

and the fact that each conjugate of aw(alh) is less than e if 7 is large

enough. Since c¢L = 206[\@ ] < ¢k for k > c sufficiently large we
have a contradiction as 4 — oo and this proves Theorem 1.13. O

Some exciting new work of Barré-Sirieix, Diaz, Gramain and
Philibert, which can be considered as a variant of the method of Mahler,
appeared in 1996 [36]. They succeeded in proving a conjecture of Mahler
and Manin on the function

J()=1/z24+T44+ciz+ 2>+ -

with ¢1, ¢a, . .. integers, defined by the relation j(z) = J (e>"%), where
Jj(2) is the classical elliptic modular function.

Theorem 1.14 J («) is transcendental for all algebraic numbers a with
0 < |a| < 1. The result holds analogously in the p-adic setting, that is
Jor all algebraic a with 0 < ||, < 1.

Essential use is made throughout the proof of the fact that J (z) satisfies
an equation ®,(J (2),J(z")) = 0 where ®,, is the modular polynomial of
order n. An estimate for the degree of ®,, is classical and estimates for the
sizes of the coefficients go back to Mahler [157] (see also Cohen [72]).
The proof begins with the construction by means of a Siegel lemma of an
auxiliary function F with a zero to a high order, say N, at the origin; it is
given by a polynomial in z and zJ (z) with integer coefficients. Assuming
that J («) is algebraic we see from the modular equation that J («") is also
algebraic for all positive integers n. Since the function zJ(z) and hence
also F'(z) is analytic in the unit disc, it follows that there exists a least
integer s such that F'(«®) # 0. On recalling that N is large and applying
the maximum-modulus principle one gets a bound for s. Then from the
fact that F'(«®) is algebraic one obtains by a Liouville type estimate
a lower bound for |F(«®)|. But, since again N is large, a comparison
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with an upper bound derived from the Taylor expansion of F gives a
contradiction.

The p-adic analogue in Theorem 1.14 was conjectured by Manin in
1971 and, as Barré-Sirieix ef al. mention in their work, there are applica-
tions to the theory of elliptic curves and p-adic L-functions; in particular
they refer to a case of a conjecture of Mazur, Tate and Teitelbaum.
Nesterenko [187, Ch. 3] derived other important developments from
the proof of Theorem 1.14. They relate to modular, elliptic and theta-
functions. To give the most basic instance, let P(z), Q(z), R(z) be the
Ramanujan functions defined by the relations

Ez(‘[) = P(eZﬂi‘[), E4(T) — Q(eZHif)’ Eﬁ(f) — R(€27Tl"[),

with E», E4, Eg the usual Eisenstein series given by

1 1
Ex(™ =330 mz (mt + )2k’

N

where the sum is over all integers m, n, not both 0, and 7 is any
complex number with positive imaginary part. Nesterenko proved that
for any complex number ¢, with 0 < |g| < 1, at least three of the
numbers ¢, P(q), O(q), R(g) are algebraically independent over Q. In
particular, as he noted, on taking ¢ = e 2" one has P(q) = 3/m,
Q(q) = 3(27)°T()8 R(g) = 0 and thus one obtains the striking
resultthat s, e” and I” (zlt) are algebraically independent over Q; even the
algebraic independence of v and e” was not known previously. Bertrand
[39] applied Nesterenko’s techniques to the study of theta-functions; he
proved especially that the theta-function

o

@) =1+2) 7

n=1

2

is transcendental for z = ¢, where ¢ is an algebraic number with
0 < lgl < 1, and so in particular ) o2, 27" is transcendental. This
had hitherto been seen as an open problem that could not be readily
handled by the Mahler method. Many further results on the values of
theta and related functions are given in [187] and we refer there for
details. Apart from the work of Barré-Sirieix et al., Nesterenko’s results
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rest on aspects of the Siegel-Shidlovsky theory as well as arguments
from commutative algebra concerning multiplicity estimates on group
varieties; for references to the latter see Chapter 5.

1.6 Riemann hypothesis over finite fields

Artin, motivated by classical work dating back to Gauss, conjectured
in 1924 that the number N of solutions of the congruence y* = f (x)
(mod p), where f denotes a cubic polynomial with integer coefficients
and no multiple factors (mod p), satisfies

IN —p| < 2+p.

The conjecture was proved by Hasse in 1936 by way of studies on
elliptic function fields and, from the standpoint of the theory of zeta-
functions for elliptic curves, the result is analogous to the classical
Riemann hypothesis. In his famous work of the 1940s, Weil obtained a
far-reaching generalisation for non-singular projective curves of arbi-
trary genus g; namely he showed that the number N of F,-rational
points on such a curve, where F, denotes the finite field with g elements,
satisfies

IN — (g+1)| < 2g+/q.

Expressed affinely, this shows that the number N of solutions of the
equation f (x,y) = 0, with f an absolutely irreducible polynomial over
F, satisfies

IN —gl <2gVq+ec,

where ¢ denotes a constant depending only on the degree of f. Weil’s
proof rested on deep work in algebraic geometry and it was the begin-
ning of many important developments; in particular he conjectured an
analogous result for any projective variety and this was proved in some
profound work of Deligne.

In 1969 Stepanov discovered a new approach to questions of this kind.
It was based on ideas from transcendence theory and did not involve a
large background in algebraic geometry. The argument was subsequently
developed by Bombieri [46] and by Schmidt [208], independently, to
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give a totally different proof of the Weil theorem; see these works for
references to all the above.

Theorem 1.15 The number N of solutions x,y in F, of f(x,y) = 0
satisfies
IN —ql < Vg,

where the implied constant depends only on the degree of f .

Though apparently weaker than the Weil theorem in view of the form
of the constant, experts in the field will recognise that the results are
equivalent and so Theorem 1.15 establishes the Riemann hypothesis for
curves over finite fields. We shall give here a proof of the theorem in the
case when the equation is given by y? = f (x) where

f)=a+bx>+ex+d (a#0)

is an arbitrary cubic and F is the finite field with ¢ elements with g an
odd prime. Accordingly we shall show that the number N of solutions
(x,y) of y* = f (x) with integers x, y in F satisfies [N — g| < Vg where
the implied constant is now absolute. We follow the exposition in [24]
and, as we shall see, there are similarities with Sections 1.3 and 1.5. For
another demonstration not involving algebraic geometry, due to Manin,
see the book by Gelfond and Linnik [112].

Proof of Theorem 1.15. Let g(x) = f(x)¥~D/2 and let n, n’ be the
numbers of solutions of g(x) = 1 and g(x) = —1 respectively. By
Fermat’s little theorem, for every x in F; we have either f(x) = 0 or
(f(x)?~ ! = 1. Since g2 = f9~! we see that

n+n > q-3.
We proceed to prove that
max (n, n/) < %q + 0(\/5),
where the constant implied in the O notation is absolute. Then we have
|n — %q| <« +/q. But, by Euler’s criterion, the solutions of y*=f(x)

are given by (x,=%y) for x such that g(x) =1 and (x,0) for x such
that f(x) =0. Hence we see that 2n <N <2n+43 and this gives
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IN — gl K \/5 as required. Here we are not concerned with the value
of the implied constant and so we can assume g > 5.
We shall construct an auxiliary polynomial

J—1

px) =Y (po®) +pj(x)gx) x¥,

J=0

where the py(x) (0 < j < J, k = 0 or 1) are polynomials, not all
identically zero, with coefficients in F; and with degrees at most % (g-5).
We show first that the terms in ¢ (x), typically given by pji (x) x¥ (g (x)k,
have distinct degrees so that ¢ (x) does not vanish identically. In fact, if
dj is the degree of pj; (x), then the degree of the typical term is

dic +qj+35k(g—1).
Thus we have to verify that if
dik+qj+5k(@—1 = dpw +qj + 3K (g 1)
then k = k" and j = j'. The equation gives
2di — dyr) + 3K = k) = q 20 =) + 3K = k),

where both dj; and djy lie between 0 and %(q —5). The assertion about
distinct degrees now follows since k and k’ are 0 or 1 whence the left-
hand side has absolute value at most ¢ — 2; but the right-hand side is a
multiple of ¢ and plainly non-zero unless j = j' and k = k’.

Now we determine the pj (x) such that

oD@ =0 O<l<L)

for all x with g(x) = 1 where ¢© denotes the Ith derivative of ¢ with
respect to x. Plainly ¢©) has the same form as ¢ but with Pjk (x) replaced
by pju(x)/(f (x))! where Pjki(x) denotes a polynomial with degree at
most %q + 3 1. Since x? = x for all x, it follows that one has to solve
at most

(3¢ +3L+J) L
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linear equations in the J (¢—3) unknown coefficients of the pjy (x). This is
possible if L <« /¢ with a sufficiently small constant and J = iL+o).
Note that as in the proof of Theorem 1.13 one does not need a Siegel
lemma here. Finally one observes that ¢ (x) has degree at most (J 4 3) ¢
and, since L < g, it has a zero at each solution of g(x) = 1 with order at
least L. Hence we have

n< (+3)q/L =Lq+0(Vq)

provided that L > «/L_] Plainly n’ can be treated similarly and this
establishes our result. O
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Logarithmic forms

2.1 Hilbert’s seventh problem

In 1900, at the International Congress of Mathematicians held in Paris,
Hilbert raised as the seventh of his famous list of problems the ques-
tion whether 2¥2 is transcendental and more generally whether o is
transcendental for algebraic « # 0,1 and algebraic irrational 8. He
expressed the opinion that the solution lay farther in the future than the
Riemann hypothesis or Fermat’s last theorem.

Pélya [196] showed that among all transcendental entire functions
which assume integer values for all non-negative integer values of the
variable, that which increases the least is the function 2%. The proof
used an interpolation technique; for a generalisation to the function
2ut -+ of several variables see Baker [16]. Fukasawa [100] extended
Pélya’s work to Gaussian fields (for more recent results on this topic see
Gramain [116]) and it was Gelfond’s refinement [104] of this argument
that originated his famous proof of the transcendence of e™ = (—1)7/;
this is a special case of Hilbert’s seventh problem. In fact Gelfond proved
that ? is transcendental for algebraic @ # 0, 1 and imaginary quadratic
B and Kuzmin [132] succeeded in extending the latter to real quadratic
irrational 8. But further progress awaited a new idea.

In 1934 Gelfond [105] and Schneider [211, I], independently, gave
a complete answer to Hilbert’s seventh problem. The work depended
on the construction of an auxiliary function, a technique of the kind
employed earlier by Siegel and Mahler (see Section 1.3 and Section 1.5)
rather than direct appeal to ¢f? as in the Gelfond—Kuzmin work. In
Gelfond’s proof the function was a combination of ® and «#? and

24
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he used interpolation on the rational integers and differentiation; in
Schneider’s proof the function was a combination of z and «* and he
used extrapolation on the integer module generated by 1 and § and there
was no differentiation. Now the Gelfond—Schneider theorem is a special
case of a general theorem on meromorphic functions which we shall
discuss in Section 2.3.

2.2 The Gelfond—Schneider theorem

We shall give here a proof of the Gelfond—Schneider theorem following
essentially the method of Gelfond. Accordingly we shall prove that the
ensuing holds.

Theorem 2.1 Suppose that « # 0, 1 and that B is irrational. Then o, B
and of cannot all be algebraic.

Proof. Suppose that «, 8, a” are algebraic. Let K be the number field
Q(a, B, a) and suppose K has degree d. We denote by &, k positive
integers, by cy, ¢, . .. positive numbers which do not depend on 4 or k,

and by C1, C», ... positive numbers which do not depend on & but can
depend on A.
We construct an auxiliary function
L L
0@ =YY plh,p)ya*tHd,
A=0 u=0

where L = [v/2dhk | and the p(%, 1) are integers, not all zero, such that

o)y =0 (I<l<h 0<j<k),

where (/) denotes the jth derivative of ¢ with respect to z. We have

L L
V(1) = (oge) Y >~ p(r, ) O+ up)! a1
Ar=0 p=0

thus we have to solve M’ = hk linear equations in the N = (L + 1?2
unknowns p(A, ). After multiplying by A2 +* for a suitable integer
A, a denominator for «, 8, af, the coefficients in the equations become
algebraic integers with sizes at most (c lL)kcéh; here by the size of an
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algebraic integer we mean the maximum of the absolute values of the
conjugates. Hence (see below) on expressing each coefficient in terms of
an integral basis wy, . . . , wg of K we deduce that the M’ linear equations
with algebraic coefficients give rise to M = dM’ linear equations with
integer coefficients, the latter having absolute values at most (C3L)kc§h.
Hence by Siegel’s lemma 1.11, since N > c4L? and M/(N—-M) <1,
the integers p(X, 1) can be chosen to have absolute values < (C1k)k.
We proceed to prove by induction that if

¢ =0 (1<l<h 0<j<K)
with K > k then ¢®) (1) = 0 (1 < I < h). We define
Fiz)=@@—=1 - (z—h;
then ¢(z2)/F (z)X is an entire function and so by Cauchy’s theorem

K 9(2) dz_{ﬁ(w@)@—l%)] _ 0
i Je FOK@z—0) " [dX\ Fe)X 1o Fa)k’

where C is the positively orientated circle centred at the origin with
radius R = /K so that R exceeds 2k when k — oo. For z on C we have

l0(2)] < (CK)XCER < (3K

Further |F(z)| > (R/ 2" and |z —1] > R/2 whence the expression on
the left of the integral equation is

< cKg g(I-h2K,

To estimate the right-hand side we observe that (log o) K@) (1) is
an algebraic number which after multiplying by A2/TK becomes an
algebraic integer with size (see Section 1.3) at most (C5K )K. Hence if
@ ) (1) # 0 then, on taking norms, we get

00| = (csk)~K.

Plainly if & > 2(d + 2) then since |F ! (l)‘ < C¢ we have a contradiction
for k and hence K sufficiently large. Thus € (1) = 0 for 1 <[ < h.



2.2 The Gelfond—Schneider theorem 27

We conclude by induction that e® (1) =0 (1 <1 < h) for all k whence
¢(z) vanishes identically. In particular

e =0 (1=js@+1?),

that is

L L
S p0um Gt upy =0 (1<) <@+ 1?).

A=0 u=0

But the determinant of van der Monde type of order (L + 1)? with terms
(A + uB)/ is not zero since, by hypothesis, g is irrational and Theorem
2.1 follows. O

We now make some remarks on the details of the proof. First we recall
that in order to apply Lemma 1.11, that is the basic form of the Siegel
lemma, we used the fact that if an algebraic integer « in a field K has
size A then it can be expressed as

o=aw;+ - +aqwq,

where w1, ...,y is an integral basis for K and ay, . .., ay are rational
integers with absolute values <« A. The latter estimate follows at once
from the equation and its field conjugates which enable one to express
each a; as a linear combination of the conjugates of «. This indeed
is the technique used in establishing a generalised version of Siegel’s
lemma to number fields [25, Ch. 5, §3] (similar to Lemma 1.12 but less
sophisticated) and the conclusion could be used to simplify the proof
of Theorem 2.1. Then we would need only the condition N > M’ and
we could take L = [m] instead of L = [\/ 2dhk ] In any event, our
choice of L ensures that L < ~/k whence N = (L + 1)> <« M and
LR < k. The latter is applied in the bound for the integral and it is a
critical point in the proof.

One may be curious as to the origin of the integral equation. In fact
it arises from the classical Newton interpolation formula. Let ¥ (z)
be an entire function and let oq,..., o1,...,07,...,07 be written as
n1,...,nny where each o is repeated K times so that N = KL. Then for
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any w € C we have

N
Y(w) = anPa(w),
n=0

where Po(w) = 1, Py(w) = (w —n1) - (w —1n,) (1 =n < N) and

1 Y (2)

an = .
27i Je Ppy1(2)

1 Y(z) dz

N = oni Jo Py@) G —w)

dz (0=n<N),

with C a circle centred at the origin that includes the 7 and w. To get the
integral equation one defines the o so that Py (z) = (F(2)/(z — )X,
one puts ¥ (w) = ¢(w)/(w — )X and one takes limits as w — |.

2.3 The Schneider-Lang theorem

Applications and developments of the Gelfond—Schneider theorem took
two distinct tracks. Schneider was concerned mainly with elliptic and
abelian functions; the principal results are now consequences of the
Schneider-Lang theorem and its natural generalisation to functions of
several variables. The theorem was developed by Schneider [213, 215]
in the years 1934-1949 and given in the following form by Lang [137]
in 1966.

Theorem 2.2 Let K be an algebraic number field and let f1(2), . . ., fn(2)
be meromorphic functions of finite order. Suppose that the ring
K[ f1,...,fn] is mapped into itself by differentiation and has transcen-
dence degree > 2. Then there are only finitely many complex numbers z
at which fi, . . ., f, simultaneously assume values in K.

A meromorphic function f is said to have finite order if, in the expres-
sion f = g/h as a quotient of entire functions, we have for some fixed
0o>0

max (g2 1h@)]) < &, 0<zl <R R>1).
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The transcendence degree of the ring K[ f1, . . ., f] is the maximum num-
ber of elements in an algebraically independent subset. Theorem 2.1
follows at once from Theorem 2.2 on taking fi (z) = €%, f»(z) = ¢/ and
observing that, if , 8 and «? are algebraic, then fi, f> simultaneously
take values in K = Q(a,ﬂ,aﬁ) whenz =/loga (I =1,2,...).

For a proof of Theorem 2.2 we refer to [25, Ch. 6]. One assumes that
there exists a sequence of distinct complex numbers y1, ys, . .. such that
fi(y)) is an element of K for all i, j and one constructs by means of a
version of Siegel’s lemma an auxiliary function of the form

L L
O@) =Y Y pi (i) (HE)

21=0Xx=0

such that ®)(y)) = 0 forall j,l with 0 < j < k, 1 < [ < m. The
argument then proceeds by induction with respect to j analogously to
that of Theorem 2.1 using the integral equation

V() _ f D(2)dz
(F'(ynY  27iJe @—y)F@Y’

where F(z) = (z —y1) -+ (z — ym). We conclude that CID(j)(yl) =0
(1 <1 < m) for all j whence @ vanishes identically. Since the demon-

stration is valid with any pair from f1, . . ., f, in place of f1, f>, it follows
that the transcendence degree of K[f,...,f,] is at most 1, contrary to
hypothesis.

Schneider [213] showed in 1937 that if g (z) is a Weierstrass gp-
function with algebraic invariants g», g3 so that

(9'(2)" =49 @)’ — 0200 () — g3

then o («) is transcendental for algebraic o 7% 0. This now follows from
Theorem 2.2 with f1(z) = g (az2), L(2) = §'(az), 3(z) = z. As a
corollary one deduces, by taking o = %a) that any non-zero period w
of o (z) is transcendental. In fact Schneider showed that cw + B is
transcendental where 7 is the quasi-period associated with a primitive
w, thatis n = 2¢ (%w) where ¢ is the Weierstrass ¢-function given by
{'(z) = —(2) and «, B are algebraic numbers not both zero. As he
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observed, this implies that the ellipse

[\S)
Tl e

+=1

le =

has a transcendental circumference if a, b are algebraic.

Another notable application of Theorem 2.2 due to Schneider is the
transcendence of the elliptic modular function j(z) where z is algebraic
with positive imaginary part other than a quadratic irrational; in the
exceptional case, j(z) is algebraic with degree given by the class num-
ber of the quadratic field. For the proof we observe as in [25, Ch. 6,
Theorem 6.3] that if o and j(«) are both algebraic then there is a go-
function with algebraic invariants g, gz and fundamental periods wy,
w7 such that « = wy/w;. Now, by Theorem 2.2 applied to the func-
tions g (2), © (@z), £'(2), g’ (az) which simultaneously take values in
an algebraic number field when z = (r + %)a)l (r = 1,2,...), we
conclude that ¢ (z) and g (z) are algebraically dependent whence «
must be quadratic irrational. For a discussion giving generalisations to
transcendence properties of automorphic functions see Section 8.5.

Theorem 2.2 has been extended to functions of several variables [214].
Here one uses partial derivatives mapping the ring into itself and the
points at which the functions are assumed simultaneously to take values
in the field are restricted to form a cartesian product of subsets of C; in
fact it suffices if the points do not lie on an algebraic hypersurface (see
Bombieri and Lang [45, 49]). A striking theorem of Schneider in this
context is the transcendence of the Beta-function

1
0 I'(a+ b)

for all rational, non-integral a, b (see [25, Ch. 6]). In the 1970s
Chudnovsky [67] showed that F(%) and I'( le) are transcendental and, as
mentioned in Section 1.5, Nesterenko has recently developed this work
to yield for instance the algebraic independence of 7, e” ‘/g, F(%) and
of T, e”, F(%). These results represent all that is known to date on the
transcendence of values of the I"-function.

Gelfond followed another line of development arising from Theorem
2.1. He considered measures of transcendence and showed in 1935 [106]
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that if o and B are algebraic numbers such that the quotient log o /log 8
is irrational for some fixed branches of the logarithms then, for
any » > 5,

log o
log B

—(log H)*

—)/‘>>e

for all algebraic y, where H denotes the height of y (see Defini-
tion 1.5) and where the implied constant is effectively computable
in terms of «, B, » and the degree of y. Gelfond [107] relaxed the
condition s >5 to » >3 in 1939 and he further relaxed it in 1949
to 2> 2 [109]. He also noted at about the same time that the work
had some Diophantine applications. Thus for instance, having first
extended the result just indicated to the p-adic domain, he proved that the
equation

ax+18y:yz

has only finitely many solutions in integers x, y, z if «, 8, y are real non-
zero algebraic numbers, not all units or of the form £2" with rational r.
In his book [ 110] he remarked that if one could obtain a generalisation of
his results concerning Diophantine approximation from two logarithms
to arbitrarily many with similar effective estimations, then this would
be of great consequence for the solution of many outstanding problems
in number theory. He noted that from the Thue—Siegel theorem one can
obtain an inequality of the form

Ibiloga) + - + bylogay,| > e 8

for algebraic «,...,®, and rational integers by, ..., b, with absolute
values at most B and for any 6 > 0. This improves upon the simple
Liouville type estimate where § is a fixed quantity that can be given
explicitly in terms of the «. But the implied constant here, which depends
on the @ and §, cannot be effectively computed, the reason being essen-
tially the same as that discussed in Section 1.1. Thus the result had no
direct bearing on problems of the kind in question and further progress
awaited another approach.
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2.4 Baker’s theorem

A generalisation of the Gelfond—Schneider theorem to arbitrarily many
logarithms was obtained by Baker [15, LII] in 1966 and he extended the
result in 1967 [15, III] to give the following.

Theorem 2.3 Ifay,..., o, are algebraic numbers, not 0 or 1, such that
logay,...,loga, are linearly independent over the rationals then 1,
logay,...,logay, are linearly independent over the field of all algebraic
numbers.

Herelog ay, . . ., log «;, are any fixed determinations of the logarithms.
Itis readily seen from Theorem 2.3 that any non-zero linear combination
of logay,...,loga, with algebraic coefficients is transcendental. Thus
if we write

A =Bo+Biloga; + -+ Bylogay,

where the f are algebraic numbers, not all 0, then we have A # 0
if Bo # O or if Bo = 0 and By,..., B, are linearly independent over
the rationals. We refer to the conditions By = 0 and By # 0 as the
homogeneous and inhomogeneous cases respectively. As an immediate
corollary we have the following.

Theorem 2.4 The number eﬂoaf 1---0{5” is transcendental for all

Bi . Bn
1

non-zero algebraic o and B. Further, the number o ---oy" is tran-

scendental if 1, By, ..., By are linearly independent over Q.

Theorems 2.3 and 2.4 include as special cases the classical results
of Hermite and Lindemann on the transcendence of e and 7, as well
as the Gelfond—Schneider theorem, and are plainly of interest from the
point of view of the theory of transcendental numbers. However, of
critical importance in connection with applications to the solution of
Diophantine problems is the fact that the method of proof is effective
and yields a sufficiently strong lower bound for | A|. After initial work
in this context by Baker [15, III] yielding an estimate for A # 0 of the
form |[A] > e~ 128" where 5 > n + 1, Feldman [95, 98] in 1971
improved the result to give the following theorem.

Theorem 2.5 For any algebraic numbers op,...,a, we have
IA| = B~C for all algebraic numbers Bo, Bi,. .., PBn with heights at
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most B (>1), where C is effectively computable in terms of the o and
the degree of the B.

The shape of the estimate, as far as it depends on B here, is best
possible. Further, a great deal is now known about the form of the con-
stant C; see the discussion in Section 2.8 and also Theorem 7.1. For
proofs of Theorems 2.3, 2.4 and 2.5 see [25, Ch. 2 and 3]; we shall
not repeat the demonstrations in detail here. However, to give some
flavour of the theory we shall describe the proof of Theorem 2.5 in the
so-called rational case when g = 0, 81 = by,...,B, = b, where
by, ..., b, are rational integers, not all 0, and when a1, . .., a, are mul-
tiplicatively independent, that is when 0/11 ---aft # 1 if the exponents
are integers not all 0. Accordingly we shall show that if by,...,b, are
rational integers, not all 0, with absolute values at most B (> 1) and if the
linear form

A =biloga; + --- + byloga,

satisfies |A| < B~C for a sufficiently large constant C depending on
o1, ...,y then the latter are multiplicatively dependent. In fact if C is
sufficiently large then A vanishes, in other words if A # 0O then we
have |A| > B~C, but the proof is longer and we refer again to [25] for
details.

2.5 The A-functions

The A-functions were introduced by Feldman [95] in order to obtain the
version of Theorem 2.5 indicated above. He defined

4+ 1) (z+k)

Az k) = T

for any positive integer k, and A(z;0) = 1. Itis clear that A(z; k) takes
integer values for all integers z and furthermore that, for any complex
number z,
k k
Akl = L < it
Soon afterwards Baker introduced the concept of generalised
A-functions and this was crucial in his Sharpening Series of papers
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[23] (see Section 2.8). Baker defined for any complex number z and
integers k >0,/ > 1,m >0

1 dm 1
Az k,I,m) = %dz_m(A(ZJ{)) .

He proceeded to show that the functions have properties as described
below.

Lemma 2.6 We have
|A Gk, 1,m)| < e RITR0L
Proof. First we observe that
Ak Lm) = A Y (@+jD - @+ia) 7",

where the sum is over all selections jy,...,j, from the set 1,...,k
repeated / times. Since

ARG+ @ +in) ™ < Azl

as we see by cancelling a factor and replacing it by another > 1, and the
number of terms in the sum is

kY _out
e

|A(z;k, L,m)| < 29 A(lz]; k).

we obtain

The lemma now follows from the estimate for A(z; k) above. O

Lemma 2.7 If v(k) is the lowest common multiple of 1, ...,k then
k)" A(z; k,1,m)

is an integer for all integers z.

Proof. The result is due to Tijdeman [244] and it improves upon an ear-
lier version in [25, Ch. 3, §2]. By a well known counting argument, the

highest power of a prime p that divides k! is given by r = Z;:l [k /p’ ]
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where p°® is the highest power of p that does not exceed k. The argu-
ment shows similarly that p” divides k! A(z; k) (in fact this is clear since
A(z; k) is an integer) and so p” I divides (k! A(z; k))!. The lemma follows
from the expression for A(z; k, [, m) in the proof of Lemma 2.6. For s is
precisely the number of factors p of v(k) and so, by the counting argu-
ment again, p” I still divides (k!A(z; k) if we replace m of the factors
by v(k). O

Lemma 2.8 We have v(k) < 4*.

Proof. The result follows at once from

v(k) = 1_[ pliogk/logpl < g (k)
p=k

and the estimate w(k) < (log4)k/logk which is a consequence of
refinements of the prime-number theorem; see [203]. O

Lemma 2.9 The polynomials A(z + X ;L + )T where 0 < ) < L,
0 < A < L, are linearly independent over Q.

Proof. The lemma follows from the independence of 1,x,...,x" !

and P(x), P(x + 1),...,P(x + m) for any polynomial P defined over
Q with degree n > 0 and any integer m with 0 < m < n. The latter is
proved in [25, Ch. 3, §3]. O

Lemma2.10 Letwq,wy,...,ws—1 be distinct complex numbers. Using
standard notation with the typical element in the (i + 1)th row and
(j+ Dth column, the generalised van der Monde determinant det ( /" l)
oforder oo, where(0 < i,j < poandj=r+0os(0<r <p,0<s < 0),
is not 0.

Proof. See [25, Ch. 3, §3]. O

Lemma 2.11 The (t + 1)o by to matrix with (i + 1,j + 1)th element
(AG+ 2L+ D),

wherej = AN + AL +1)+stwith0<A<LO0<MN<L,0<s<o
and Tt = (L' + 1)(L + 1), has maximal rank to.
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Proof. If not then there exist elements g(A, A’, s), not all zero, such that

L L o-1
YYD g HAGH LD i =0 (0<i< (x4 o).
A=01'=0 s=0
Now

L L

T
DD a0 DAL+ DM =3 g 97,

A=021'=0
where the ¢/(r, s) are not all zero by virtue of Lemma 2.9. Hence

T o—1

Z Zq/(r, $)i'wi=0 (0<i<(t+1)o)

r=0 s=0
with coefficients not all zero, which contradicts Lemma 2.10 with
o=1+1. O

2.6 The auxiliary function

In the proof of Theorem 2.1 we constructed an auxiliary function of a
complex variable z as a polynomial in & and o?? with integer coef-

ficients. Here we construct an auxiliary function in several complex
Zn 1

variables zg, z1, ..., 2Z,—1 as a polynomial in zg, Oéf1 e and
a/13121 . ‘ar/?n_fllzn—l ’
where B; = —b;/b, and, without loss of generality, it is assumed that
b, # 0.
To begin the proof of the result discussed in Section 2.4 we shall
denote by Cg, Ci, Ca, ... numbers that depend only on «j,...,a, and

by k an integer that exceeds a sufficiently large Cy. Let L = [k!'~1/4"]
and h = L' + 1 = [log(kB)]. The auxiliary function now takes the form

©(20,215 - - - »Zn—1)

_zz zpm(@w P o,

=010=0 A,=
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where y; = A; + BjA, (1 <j < n). The coefficients

p()\‘) :p()\‘lv)“()’)\‘l”)‘n)

will be determined as integers to satisfy

L L L
DS pWAU+N b+ Lmg)ayt oy ey = 0.
A=0xp=0 Ar,=0

2.1)

Lemma 2.12 There exist integers p(A), not all zero, such that |p(L)| <
C{’k and (2.1) holds for all integers L withO < | < hand all non-negative
integers my, my, . .., M,_1 with

my+my+ - +my_; <k.

Proof. Let A be a denominator for «y, ..., ay,, that is a positive integer
such that Aoy, . .., Aay, are algebraic integers. Then, on multiplying the
left-hand side of the equation (2.1) by A"”b’;(v(h))mo, we see that the
coefficients of the p(A) become algebraic integers in the field K =
Q(ay,...,ay) with sizes at most C!k: this follows from Lemmas 2.6,
2.7 and 2.8 together with the inequality

lyil <2LB <e® (1 <j<n),

which gives

"] <
We conclude that we have to solve M’ < hk" linear equations in the
N = (L' + 1)(L+ 1)"*! unknowns p()). Now since

(1-1/@nm)(n+1) =n+1/2

we have N > hk"t1/2_ Thus for k > (2d )2, where d denotes the degree
of K, we obtain N > 2M where M = dM’. It follows from Siegel’s
lemma, thatis Lemma 1.11, that the equations have a non-trivial solution
in integers p(A) with [p(1)| < C {”‘ as required. O
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We now define f (z) = f (z, mo, ..., my—1) as the function
9 mo 9 my 9 Mp—1
(a) <3_Z1> “‘(3Zn—1> ©(205 215+ -+ »Zn—1)
evaluated atzg = z; = --- = z;,—1 = z. The properties we shall require

later are given by the following lemma.

Lemma 2.13 For all non-negative integers mo,...,my—1 with
mo + -+ my—1 < k we have

If ()] < CakFHel,

Further, if | is an integer with 0 < | < hk®", then either

FDI<B € or |f()] > M,

Proof. The first estimate follows at once from [p(1)| < C{’k together

with Lemma 2.6 and straightforward bounds for the oz;/jz.
For the second part we note that if we replace the quantity

1 Bi Bn—1
an_al ...an_l

which occurs in f (/) by «;, so that the expression

ril Y1l Al D1l ynl
s T R I )
Ml Il
Wl ’
becomes o oy, then, apart from a factor

mg! (10g051)m1 ce (log O(n—l>mn_l s

we obtain the left-hand side of (2.1). By the basic hypothesis on |A| in
Section 2.4 we see that

log oty — loga)| < B~

for some value of the second logarithm and some C which we suppose
is sufficiently large in terms of k. Since |e* — 1| < |z|el?! for all complex
numbers z, we obtain

3
/ — 2
‘ozn —an’ < B¢,
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We now consider [ such that 0 < [ < hk3" and we observe that the
left-hand side of (2.1) with such /, when multiplied by a denominator
as before, becomes an algebraic integer with size at most ngk LI it
is zero then comparison with f (/) and estimates similar to those used to
obtain our bound for | f(z)| give

If ()] < B~2C,

If itis not zero then the norm is at least 1 and estimates for the conjugates
together again with a comparison with f'(/) give [ f ()| > C, hk=Ll g

Note that we can cover the range 0 < [ < 7k in Lemma 2.13 rather
than i < [ < hk®" as occurs in Lemma 5 in [25, Ch. 3, §3] since Lemma
2.7 above is sharper than the corresponding Lemma 1 in [25, Ch. 3, §2]
and this eliminates a term log(//h) from the lower bound given there

for | f(D)].

2.7 Extrapolation

In the proof of Theorem 2.1, the induction argument involved an exten-
sion in the order of derivation of the auxiliary function while keeping
the & points of extrapolation fixed. Here we shall reduce the order of
derivation mg + - - - + m,_1 but extend the points of extrapolation /. A
key element in the exposition is the fact that the product of the number
of relevant [ with the number of relevant my, . . ., m,_| increases in the
inductive process.

Lemma 2.14 ForJ =0,1,..., (8n)2, the number
f(l) :f(l,mO, .. 9mn—1)

satisfies | f ()] < B_%Cfor all 1, mo, ..., my_; with0 < [ < hk’/®
andmy + - - +mu_1 < k/(27).

This will suffice to prove the desired result. For then the left-
hand side of (2.1) vanishes for all [ with 0 </ < (t +1)o, where
="+ 1)(L+1)and o = (L+ 1)" (the N in the proof of Lemma 2.12
isthento),andmg= --- =m,_1 =0.ButfromLemma 2.11 we see that
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the matrix of coefficients of the p(A) in (2.1) has maximal rank to unless

A, A
a?l .. ar)l‘" :all ...an”
for some distinct vectors (A1,...,A,) and (A],..., 7)), that is unless
oy,...,a, are multiplicatively dependent.

Proof of Lemma 2.14. The lemma holds for / = 0 by Lemma 2.12 and
the comparison argument used at the end of the proof of Lemma 2.13.
We assume that it holds for J = 0, 1,...,K and we proceed to prove
the assertion for / = K + 1. Thus on defining

Sy =[hk!/®M), Ty =[k/2") forJ =0,1,...,
we have to prove that | f (/)| < B~ 2C for
Sk <1 <Sky1  and mo+---+mu_1 <Tkq1.

Now let
F@Q)=@z—1-@z— (-,

where for brevity we have written S = Sk, T = Tk 1. Then by Cauchy
we have

1 @ _jO 1 Sirz‘fm@ (e —9)"dz
27i Jo z—DF(z)  F(l) o — e, @—DF@)’

where Sx < [ < Sk41; here C is the positively orientated circle centred
at the origin with radius R = kl/@mg k1 and Cy is the circle centred at

m
s with radius 1. Further f,,(z) = (%) £(2), that is

(et 7)) (52)
920 0Zn—1 920
evaluatedatzo = --- = 7,1 = z. Sincemg + -+ -+ mp—1 < T = Tx+1

and O < m < T and furthermore 27 < Tk we obtain from our inductive
hypothesis

mo my—|

( 0 ) ©(20, .- 2Zn—1)

0Zn—1

()| <n"B72€ <nkB72C (0<s<S, 0<m<T).
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Clearly the integral over Cy above is bounded by 857 (S!)~7, and hence
the double sum has absolute value at most B_%C(S!)_T for C large

enough. From Lemma 2.13 we see that, if we assume |f (/)| > B_%C
contrary to the conclusion of Lemma 2.14 for J/ = K + 1, then | f (])| >
C; "1~ B=%C and, since plainly |F (1)| < 25%+17($)7, we obtain

If()/FM)| > B3 sy~

It follows that the right-hand side of the integral equation has absolute
value at least 1| f () /F (1)|. This gives

If (D] = (49/O)|F(D)],

where ¥ = sup |f(z)| and ® = inf |F(z)| for z on C. Now by Lemma

2.13 we have 0§C§‘k+LR and clearly ® > (%R)ST Further we have
|F (D)) §(SK+1)ST and thus, on observing that

LR < hk'"tK/Gn « ST,
where the implied constant depends only on n, we obtain

But, by Lemma 2.13 again, this implies that |f(])| < B_%C whence
Lemma 2.14 holds by induction. ad

2.8 State of the art

We shall be concerned in this section mainly with the rational case of
the theory of logarithmic forms, that is

A = brlogay + --- + byloga,,

where b1, ..., b, are integers. We shall assume that o, . . ., «;, are alge-
braic numbers with heights at most Ay, ..., A, (all >e) respectively and
that the logarithms have their principal values. We assume further that
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b1, ..., b, have absolute values at most B (>¢). The main result to date
in the direction of Theorem 2.5 is due to Baker and Wiistholz [33].

Theorem 2.15 If A # O then
log [A] > —(16nd)*" P Jog A, - - - log A, log B,

where d denotes the degree of Q(ay, .. .,oy).

The theorem is best possible with respect to Ay,...,A, and B sep-
arately and moreover the function of n and d involves only small
numerical constants and is quite sharp. These features are important
in applications as we shall see from the next chapter. In fact Baker and
Wiistholz give a still stronger and more refined version in terms of the
logarithmic Weil heights of the «; this will be discussed in Section 7.2.
There has been an improvement relating to the expression involving n
and d due to Matveev which we shall refer to again later, but the basic
structure of the work remains the same. It is still essentially the best
result of its kind.

Here we shall describe a little of the history. If we follow the proof of
Theorem 2.5 we obtain a result of the form if A # 0 then

|[A]| > exp (—C(logA)*logB),

where A denotes the maximum of the heights of the «; here s depends on
n and C depends on n and d. The result holds for the general linear form
A as in Theorem 2.5, with B given by the maximum of the heights of
Bo, B1s - - -, Pn- The original value for > was quite large, in fact of order
at least n? (see Baker [15, IV]), but stronger results could be obtained if
one of the «, say o, had a large height relative to the remainder; this fre-
quently occurs in applications. Thus it was shown that if A is the height
of a,, and if A’ is a bound for the heights of «, . . ., a,— then the above
inequality is valid for any »c > n provided that C is allowed to depend on
A’ as well as on n and d (see Baker [17, I]). The condition was relaxed
to s >n — 1 by Feldman [96, 97] in 1969. It was further relaxed to
2 > 1 by Baker and Stark [31] in 1971. The latter work was motivated
by the class number two problem (see Section 3.1) and the argument
involved the introduction of Kummer theory; this has played an impor-
tant role in all subsequent studies. In 1972, Baker [23, I] (the papers
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in [23] have come to be known as the ‘Sharpening Series’) reduced
the condition to > = 1 which is best possible; the main innovation
here was the introduction of the generalised A-functions as discussed in
Section 2.5.

The question now arose as to how C depends on A’; this was important
to Tijdeman [244] in his work on the Catalan conjecture (see Section 3.6).
He calculated a value for C of the form C’(logA’)* where again >/
depends on n and where C’ depends on n and d. In 1975 by a new
reduction technique, the ‘Kummer descent’, Baker [23, III] derived the
result

|A| > exp(—C'Qlog Qlog B),

where 2 = log A - - - log A,; it was here that an estimate in the shape of
Theorem 2.15 first appeared. Shortly afterwards van der Poorten [197]
noted that log © could be replaced by log " where Q' = Q/logA,;
then the inequality included all previously quoted results as special
cases.

The next question that arose was what form does C’ take as a function
of n and d ? Some studies in this context had already been carried out in
connection with the early inequalities in the subject and they had yielded
expressions with log C’ of order n* (see Baker [15, IV]). The motivation
amongst other things was applications to classical theories furnishing
estimates for the greatest prime factor of polynomials and of binary
forms. After improvements by SprindZuk and Kotov in this context (for
references see [234]) the exponent was reduced, in 1975, to one of order
nlog n by Shorey [224]. The latter work involved a new idea concerning
the size of the inductive steps (cf. Lemma 2.14) and it established the
basic form of the expression for n. In 1977, by a combination of the
preceding techniques, Baker [26] gave the result

Al > exp (—(16nd)2°°"sz log @' logB).

Further, he obtained the same inequality in the general case, that is with
algebraic g8, with B replaced by BS2.

The main problem over the decade beginning 1977 was to eliminate
the log ' term; this was successfully solved by Wiistholz [262] and
by Philippon and Waldschmidt [194], independently, using the theory
of multiplicity estimates on group varieties. This is now an important
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instrument in transcendence theory and its discovery and development
has been a major achievement; see the discussion beginning in Chapter 4.
The theory of multiplicity estimates has also led to improvements in the
constants occurring in the expression for n and the best form of the result
is now given by Theorem 7.1. A result of a similar kind was proved at
about the same time by Waldschmidt [252] but this did not involve a
Kummer descent and Theorem 7.1 is consequently stronger.

Recently some work of Matveev [174] has appeared which gives an
improved form for the expression for n of the shape ¢” for an absolute
constant ¢. Matveev’s articles contain a number of new elements and
they constitute an important advance; for a discussion in the simplest
case see the article by Nesterenko in [3, pp. 53—106] and for further
remarks see Section 7.2.

Theorem 2.15 is capable of generalisation in several directions. First
one would expect a similar result for the linear form A with algebraic
coefficients, taking B2 in place of B, in other words one would expect
a result as in Baker [26], but the details have not been given as yet. It is
worth observing that as a very special instance of [26] we have the best
measure of irrationality for ¢” established to date, namely

|en —p/q| -~ q—clog]ogq’

valid for all rational p/q, where c is an absolute constant. The exponent
log log g arises from the extra €2 factor attaching to B; conjecturally one
would expect [e™ — p/q| > ¢>~¢ forany & > 0 but this would involve
the deletion of the extra factor and this seems to present considerable
difficulty.

Another area of generalisation of Theorem 2.15, of particular interest
in connection with Diophantine studies, is in the direction of Baker’s
Sharpening I [23]. Subject to slight modifications in the constants occur-
ring in the expression for n, the factor log B in the estimate for |A| can
be replaced by log B’ where

b.
B’ = max 1Pal. + —i d ,
I<j<n | logA; = logA,

anditis assumed that b, # 0. A verification of aresult of this kind follows
easily from the exposition of Baker and Wiistholz [33] and details of such



2.8 State of the art 45

a deduction can be found in the paper of Waldschmidt [252]; for further
discussion in this context see Section 7.2.

In the case of linear forms in two logarithms there is a variant of
the basic theory based on interpolation determinants rather than the box
principle. The method was originated by Laurent [143] and it yields
lower bounds of the form

log |A| > —cd* log Ay logAz(logB)z,

where the notation is that of Theorem 2.15. Though plainly weaker
than the latter theorem in regard to the dependence on B, it furnishes
relatively small numerical values for the constant ¢ and this is important
in applications. For an account of the topic we refer to the book of
Waldschmidt [253].

Finally we mention that there is an extensive theory generalising stud-
ies on logarithmic forms to the p-adic domain. The theory has a long
history following closely the results in the complex domain. Thus in 1935
Mahler [154] obtained a p-adic analogue of the Gelfond—Schneider the-
orem; Coates [70] and independently SprindZuk [233] (see also Brumer
[62] and Vinogradov and SprindZuk [248]) obtained p-adic analogues
of Baker’s first results on logarithmic forms, and van der Poorten [198]
gave p-adic analogues of Baker’s 1977 results [26]. Subsequently, sub-
stantial papers by Kunrui Yu [267] were published which overcame
certain inaccuracies that he detected in van der Poorten’s exposition and
significantly improved the numerical estimates. More recently Kunrui
Yu [268] has worked out p-adic analogues of Baker and Wiistholz [33]
and this area of research is continuing at the present time; see [269].
These works have been of great importance in connection with theories
relating to p-adic L-functions, Diophantine geometry and elsewhere, and
we shall discuss applications of the theory in the next chapter.
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Diophantine problems

3.1 Class numbers

Gauss conjectured that the only imaginary quadratic fields Q(v/—d)
with class number 1 are given by d = 1, 2, 3, 7, 11, 19, 43, 67 and
163. This was solved as one of the first applications of the theory of
linear forms in logarithms; see Baker [15, I]. The approach arose from
studies of Gelfond and Linnik [111]. Another solution motivated by
earlier work of Heegner [126] on elliptic modular functions was given
by Stark [235] at about the same time. Both depend on an analogue of
the classical Kronecker limit formula (see [22] and [25, Ch. 5]).

Let —d < 0 and &k > 0 denote the discriminants of the quadratic
fields Q(+/—d) and Q(vk) respectively. Suppose that (k,d) = 1. Let
x(n) = (%) and let x'(n) = (_Td) be characters given by the usual
Kronecker symbols. Then for any s > 1 we have

1
LG, ) Lis xx) = 5D 3 x (™,
;oY

where x, y run through all integers not both zero, and
f= ) =a® + by + oy

runs through a complete set of inequivalent quadratic forms with
discriminant —d; on the left we have the usual L-functions given by

Ls,x) = Y _x(mn™".

46
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On taking limits as s — 1 we obtain

L, 0L, ) = e TT (1 - —) D4y 3 a4 emitl),

plk [ or=-00

where, for r # 0, we have |A,| < 2r/¢™"/®® with /' = |r|/~/d, and
Ap = 0O unless k is the power of a prime p, in which case

A — a) 1ogp.

Suppose now that Q(+/—d) has class number 1. Then, by the theory of
genera, d is prime and = 3 (mod 4) assuming d > 2. Further there is
just one form f which can be taken as the principal form

2 1 2
X+ xy + Z(l—i—d)y.

By classical results of Dirichlet we have

2h(k
L0 = 28 g e, L( xx) = W0 ——

vk Vid’

where h(k), /' (k) denote the class numbers of Q(\/E) and Q(v/—kd)
respectively and ¢ is the fundamental unit in Q(\/z). Thus assuming

that d > k, so that (d, k) = 1, we obtain

2h(k)h/(k)1oggk—gnkf]_[( pl)‘ kg > 1A

r=—00

Further, if k is not a power of a prime p then Ap = 0 and the estimate
for |A,| then implies that the expression on the right is at most

16k e~V

assuming ~/d /k > 1. We apply the inequality with k = 21 and k = 33.
In both cases h(k) = 1 and for sufficiently large d (d > 10%2%) we get

32
h'(21) log ex1 — TR V| < eV
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and similarly with 33 in place of 21 and 80 in place of 32. On eliminating
w+/d it follows that

|35 h/(21) 10g82] ) h/(33) 10g833| < 57 e—n’«/g/l()()‘

This can be expressed in the form

|byloga; + bylogas| < e %8

with the notation of Section 2.4 and since oy = ¢&p; and ap = €33
are multiplicatively independent we deduce from Theorem 2.5 that the
left-hand side is greater than d € for some numerical constant C. It
follows that d is bounded, that is there are only finitely many imaginary
quadratic fields with class number 1. In practice we obtain an explicit
bound for d (originally 10°°°, now about 10?°) and it is then easy to
show by computing the continued fraction for log o1/ log o> that there
are only the nine cases listed by Gauss.

A similar argument applies for the determination of all imaginary
quadratic fields with class number 2; in this case the problem reduces to
an inequality involving three logarithms and one needs a sharp version
of the linear form result as described in Section 2.8. It has thus been
established that there are precisely eighteen fields in question (see Baker
[21]; Stark [236]).

In 1976 Goldfeld [114] found a new approach to the topic based on
the theory of elliptic curves and Gross and Zagier [121] succeeded in
this way to show that the class number h(d) of Q(+/—d) satisfies

h(d) > (logd)'~¢

forany ¢ > 0 where the implied constant depends only on ¢ and is effec-
tively computable; thus all imaginary quadratic fields with any given
class number can now be determined in principle. A classical theorem
of Siegel [230] asserts that

h(d) > d?~¢

and the exponent here is best possible; but the implied constant cannot
be effectively computed in view of the well-known question of the non-
existence of the Siegel zero for Dirichlet L-functions. All the imaginary
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quadratic fields Q(+/—d) with class number A(d) = 3 have now been
calculated by Oesterlé, with #(d) = 4 by Arno, with h(d) = 5, 6, 7 by
Wagner and with all odd 4(d) < 23 by Arno, Robinson and Wheeler [7].
Recently Watkins has published a paper [254] which purports to give a
complete determination of all the imaginary quadratic fields with h(d) <
100; he says that the work took about seven months of computation. We
refer to [7] and [254] for references and to Goldfeld [115] for further
details about the class number problem.

The theory of linear forms in logarithms also shows that the num-
bers L(1, ) taken over all non-principal characters x with prime
modulus ¢ are linearly independent over Q; this generalises Dirich-
let’s famous result on the non-vanishing of L(1, x) (see Baker, Birch
and Wirsing [35]). Furthermore it shows that the corresponding value
L,(1, x) of the p-adic L-function is not O for any non-principal charac-
ter x. This was originally a conjecture of Leopoldt; the result follows
from ideas of Ax [10] together with an estimate for linear forms in
p-adic logarithms. A particular result sufficient for this purpose was
first given by Brumer [62] by straightforward adaptation of Baker’s
original work [15] and there have been considerable developments in
the p-adic theory since then; see Section 2.8. The problem of prov-
ing the non-vanishing of the p-adic regulator of a non-abelian field
remains open.

3.2 The unit equations

Originally implicit in the study of Diophantine equations, the unit
equations now form a major topic with numerous applications.

Let K be an algebraic number field with degree d and with ring of
integers Ok. Let S be a finite set of places of K including all the infinite
places of K. An element « of K is said to be an S-unit if

la, =1

for each place v not in S, where |-|,, denotes a suitably normalised val-
uation such that the product formula holds. The S-units form a finitely
generated multiplicative group Us; if S contains no finite places then
Us is just the group of units Uk of Ok.
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We consider the inhomogeneous S-unit equation in two variables,
namely

ax + By =1,

where o, 8 are non-zero elements of K. The basic result is as follows.

Theorem 3.1 There are only finitely many solutions of the equation in
S-units x and y and all of these can be effectively determined.

Proof. We shall give the details in the case when Us is Uk and indicate
later how one derives the more general result. Let ny,...,7n, be the
r = s+t — 1 fundamental units in K given by Dirichlet’s theorem. Then
we have
x=om -ny, y=om -n

for some rational integers xi, ..., Xr, y1,..., Y, and some roots of unity
0, 0. We write X = max ‘xj‘ and Y = max ‘yj‘. Our object is to show
that max (X, Y) is bounded. We suppose without loss of generality that
Y > X. We first establish the theorem on the assumption that

log |yl > Y,

where the implied constant depends only on K; this will not hold in
general but, as we shall verify in a moment, it is valid for some conjugate
y" of y and, as will be clear, this suffices for our purpose.

The equation

ax + By =1
gives
log [(ax/By) + 1| = —log|By| € =Y

assuming that Y >> 1. Since, for any complex number z, the inequality
e +1] = 3

implies that
|z —ikm| < 4]e* +1]

for some rational integer k, we obtain
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where A = log(ax/By) — klog(—1). But

log(ax/By) = log(ao/Bo) + Y _ (x; — yj) logn;,
j=1

where the logarithms on the right can be assumed to have their principal
values. Furthermore we have ‘Xj — yj‘ < 2Y and this gives |k| < Y. It
is readily seen that A # 0 whence Theorem 2.5 implies that

log [A] > —logY.

Thus ¥ « log Y and so Y is bounded. Hence also X is bounded and so
there are only finitely many x, y as asserted.

Plainly we can begin with an equation conjugate to ax + Sy = 1 and
thus it remains only to prove that

log |y/| > Y

for some conjugate y’ of y. Accordingly let a1, ..., a?@) be the conju-
gates of any element o of K with the usual ordering with respect to real
and complex conjugates. Then

det (log [n\|) (1 <i,j<n

is the regulator R of K and we have R # 0. Hence yi,...,y, can
be expressed as linear combinations of log ’y(l)},. ..,log ‘y(’ )| with
coefficients given by minors of order (r — 1) of R. This gives

Y < max |log [y|].

Let the maximum be given by j = [; then either log {y(l)| > Y or
log | y(l)| <« —Y. In the first case we have the desired assertion. In the
second case we recall that y is a unit and thus

d
Z log |y(j)| = 0.
j=I

Hence we have log ‘ y | > Y for some conjugate y" of y as asserted. O
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To establish Theorem 3.1 for the general system of S-units Us we

denote by pi, ..., ps the prime ideals corresponding to the finite places
of S. Then p}f, R pﬁ’, where / is the class number of K, are principal
ideals. Suppose they are generated by elements 7y, . .., 75 in Og. Every

element of Ug can be expressed in the form

yn’i” n?rnfl 7-[;]3

for some rational integers uy,...,u,, vi,...,vs and some y in Ok
belonging to a finite set. This holds in particular for the solutions x,
y of the S-unit equation and Theorem 3.1 follows by first applying the
p-adic theory of linear forms in logarithms and then the classical theory.
The work leads to an explicit upper bound for the sizes of the solutions;
thus for example the rational case amounts to an effective solution of
the equation

ap' pi +bpy o =c

with positive integers a, b, c. A bound for the absolute values of the
x and y in terms of max(a, b, c) and max(pi,...,p;) has been given
by Gy6ry. For extensive references in this connection see the excellent
survey [123].

It should be mentioned that, by a p-adic version of Schmidt’s subspace
theorem [209, 210] which we shall discuss in Chapter 8, one can show
that the equation

arxy + - Fopxy =1,

where o, ..., a, are non-zero elements of K, has only finitely many
solutions in S-units xi,...,x, provided that no proper subsum of
o1x1 + - - - + ayx, vanishes; see the survey article by Evertse et al. [88].
The argument is ineffective in the sense that it does not allow one to deter-
mine the complete list of solutions in any given instance (cf. Section 1.1)
but there is extensive work by Schlickewei, Evertse and others furnishing
explicit estimates for the number of solutions; see, in particular, [86, 87].

3.3 The Thue equation

Studies on Diophantine equations by way of techniques in transcendence
theory were originated by Thue [243] in 1909. Let

Fx,y) = ax—ayy) - (x —ayy)
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be an irreducible binary form with integer coefficients and degree
n > 3. Thue’s famous theorem, which is given as follows, can now
be demonstrated directly from Theorem 3.1 and indeed effectively.

Theorem 3.2 The equation F(x,y) = m, where m is any integer, has
only finitely many solutions in integers x and y.

Proof. Let K be the algebraic number field generated by «y,...,a,
over Q. Since there are only finitely many non-associated elements of
Ok with a given norm, we have

x—oaiy=yn (1=j=<n),

where 71,...,n, are units in K and yq,...,y, belong to a finite
effectively computable set. Now the identity

(@3 —a)(x —a1y) + (@1 —a3)(x —a2y) + (@2 — ) (x —azy) =0

gives
vim+vam+yin =0

with obvious definitions for y|, y,, y5; these are non-zero if we assume,
as we may, that aj, ay, as are distinct. Hence ax’ + By’ = 1 with
o = —y{/y3 and B = —y,/y; and with x’, y" given by the units 71 /13
and 72 /n3. From Theorem 3.1 we see that there are only finitely many
x', y" and thus also only finitely many rationals x/y. This establishes the
result. O

The work leads to an explicit bound for max(|x|, |y|) of the form
(C1 Imh<,

where C1, C; depend only on F. The first result of this kind was given
by Baker [17, I] in 1968 but with a weaker dependence on m; the form
given here, which is best possible in terms of m, is a consequence of
a refinement of Theorem 2.5 relating to the case when b, = 1; it
is discussed in a more advanced setting at the end of Section 7.2. A
result of the kind was obtained explicitly in Baker’s Sharpening II [23]
and implicitly in Feldman [98]. Expressions for Cj, C, can be given
in terms of n, the coefficients of F' and the regulator of K; the best
results to date are due to Bugeaud and Gy6ry and we refer to [123]
for details.
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The estimate above for the solutions of the Thue equation yields at
once an effective improvement on Liouville’s theorem; see Section 1.1.
Indeed, if « = o7 and if p/q, g > 0, is any rational with |« — p/q| < 1,
then |F(p,q)| < ¢"|la —p/q| where the implied constant depends
only on F. But we have |F(p,q)| > ¢°, where § = 1/C; > 0,
and so

i

la —p/ql > q

with »c = n—§. The value of § here depends on the height of « as well as
on the degree n; for some explicit numerical examples relating to cubic
irrationals see Baker and Stewart [32].

3.4 Diophantine curves

The equation y?> = x* + k has a long history dating back to Mordell in
the early 1900s. After initially conjecturing that for certain specified k
there would be infinitely many solutions in integers x, y while for others
there would be only finitely many, Mordell became aware of the work
of Thue and proved that in fact for any integer k& # O the equation has
only finitely many solutions. The problem of actually determining the
complete list of solutions for a specified value of k was subsequently
a focus of much attention and various ad hoc methods were devised to
deal with particular instances [182].

As an early application of the theory of logarithmic forms, Baker
[17, II] gave a new and effective proof of the finiteness of the number
of the solutions of the Mordell equation and, shortly afterwards, he
extended the result to the hyperelliptic equation y*> = f (x) where

f@) =alx—oap) - (x—ay

denotes a polynomial with integer coefficients and it is assumed that
o1, 00,3 are simple zeros of f. A result of the same kind based on
the Thue—Siegel theory was proved by Siegel [227] in 1926 but for
the reason indicated in Section 1.1 the conclusion is ineffective. Here
we shall show, following [227] and Baker [19], that the result can be
deduced readily and effectively from Theorem 3.1, that is from the unit
theorem.
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Theorem 3.3 There are only finitely many solutions to the equation
vy = f(x) in integers x, y and these can be effectively determined.

Proof. Let K be the field generated by the o over Q. Suppose that x,
y is a solution of y?> = f(x) and let Bj = x—a;j (1 <j < n) so that
f(x) = apy--- By Then since, by assumption, oy, oy, o3 are simple
zeros, we have, by considering ideals in K,

B=v¢g (=1,273),

where y;, ¢; are in K and the y; belong to a finite set.
Now consider the identity

(VB3 = VB2) + (VB1 = VB3) + (VB2 = VB1) = 0.
Each number in parentheses belongs to the field

K' =KV, V2, V3)

and has a fixed norm independent of x and y; for instance, in the typical
case,

NK’(\/E - */E) = Ng(a2 — a3).

Hence it can be expressed as An for some unit # in the field and some
fixed effectively computable A. This gives

Ane 4+ Aam + Aznz = 0.

Thus by Theorem 3.1 there are only finitely many solutions n;/n3 and
12/n3; it follows that there are only finitely many x and y and these can
be effectively determined. O

Theorem 3.3 holds similarly for the superelliptic equation y” = f (x)
where m > 3 is a fixed integer and f has at least two simple zeros. In
fact, on adopting the notation above, we immediately derive an equation
of Thue type namely

Vgl — ng = o —
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with coefficients and variables in K, and it is easy to extend Theorem 3.2
to number fields; see [19]. Subsequent to the latter work, the hyperellip-
tic and superelliptic equations have been studied by many authors and
they have given a variety of quantitative improvements and generalisa-
tions. We mention especially results of Brindza in this context, making
effective a theorem of LeVeque of 1964 and extending the subject to
S-integral solutions [56, 58].

Baker and Coates [29] proved in 1970 by way of Theorem 3.3 that
there are only finitely many integer points on any algebraic curve of
genus one and that these can, in principle, be effectively determined.
They showed in fact that there exists a birational transformation taking
the equation for the curve into hyperelliptic form and that the transfor-
mation can be chosen so as to be integral with respect to a number field.
Their argument furnished an explicit upper bound for the sizes of the
integer points on the curve and this was later improved by Kotov, Trelina,
Schmidt and Bilu; see [123] for references. It remains an open problem
to deal with arbitrary curves of higher genus. A famous theorem of Siegel
[228] asserts that any algebraic curve of genus >1 has only finitely many
integer points but the proof depends on the Mordell-Weil theorem to the
effect that the group of rational points on the curve has a finite basis, as
well as on the Thue—Siegel theory and, for reasons attaching to both of
these topics, the result is not effective. In 1983, Faltings [90] obtained
the celebrated theorem, originally conjectured by Mordell, that there are
only finitely many rational points on any algebraic curve if the genus is
>2. The proof is again non-effective, even in the case of integer points,
but an essential component of Faltings’ work has been made effective
by Masser and Wiistholz [170] using the theory of logarithmic forms
over algebraic groups; see the discussion in Chapter 7 and see also Vojta
[250] for another approach based on Dyson [81].

For a wide ranging discussion on applications of our theory to dis-
criminant form, index form and decomposable form equations of general
type involving several variables, see again Gy&ry [123]. To quote just
two particular examples arising from this work, Gy6ry has proved that
an algebraic number field has only finitely many power integral bases
1, a,...,a? ! up to translation by elements of Z and, similarly up to
translation, that there are only finitely many algebraic integers in the
field with a given discriminant. Further, we remark that, as an early
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application of the p-adic theory of logarithmic forms, it was shown that
one can determine, in principle, all elliptic curves with a given conductor
(see [2] for an explicit computation in the case of conductor 11).

3.5 Practical computations

The method described in the preceding sections for the theoretical solu-
tion of Diophantine equations involves large numerical constants and
some further work is necessary in order to complete the solution in
particular cases.

The first result in this context is due to Baker and Davenport [30]. It
was proved that the simultaneous Pell equations

-2 =% & -7 =7
have no solution in integers x, y, z except
(£1, £1, £1), (£11, £19, £31).

Plainly a pair of simultaneous equations as above is essentially equiva-
lent to a hyperelliptic equation

Y2 = f(X)

with X = x, Y = yz and so the method of Theorem 3.3 certainly applies
in principle. The problem was to make the computations practical. The
motivation for the study was a problem dating back to Diophantus based
on the fact that the product of any two of 1, 3, 8, 120, increased by
1, is a perfect square; van Lint, recalling this problem in a lecture at
Oberwolfach in 1968, asked whether the sequence can be continued to a
fifth number and the solution to the equations above shows at once that
such a number cannot exist. The result has generated a subject in its own
right, namely the theory of Diophantine m-tuples; see Dujella [79, 80]
and the references therein.

Subsequently Ellison et al. [84] used the same technique to show that
the Mordell equation

y2 = x> — 28,
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which was then the smallest unsolved example, has only the solutions
with (x, y) given by

4, £6), (8, £22), (37, £225).

The method has now become standard; we sketch a proof.
By factorisation over Q(+/—7) the equation

v =x — 28

becomes
(v+2v=7) (y—2v=7) =
and so y +2+/—7 = +¢ (u + vE)3, where u, v are integers, £ = %(1 +
v=7)and { = 1, 4/& or 2£. When ¢ = 1 we easily obtain (u,v) =
+(1,4), =(5, —4) and these give x = 37. When ¢ = 4/&, on comparing
coefficients of /—7, we get
w—6uv? —2v = £2.

Moreover the case ¢ = 2§ also reduces to this equation. Thus on writing

u=2Y, v=-X-=-2Y,
we see that it suffices to show that the Thue equation

X3 —12xy?— 1273 = +1
has only the solutions (X, Y) = £(1,0) and £(1, —1); these give x = 4
and x = 8.

Now we work over the field Q(#) where # = 2.7 - - - is a root of

93— 129 —12 = 0.

Fundamental units are givenby n; = —7—49+92andn, = 11409 —9?>
and we have

X-0Y = +n0" 2,
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where b1, by are rational integers. We write B = max(|b1|, |b2|) and we
assume that B > 20. Then, as in Theorem 3.2, we derive from the fact
that the expression

(19(3) _ 19(2))(X _ ﬁ(l)y) + (19(1) _ 0(3))(X _ ﬁ(Z)Y)
+(19(2) _ 19(1))(X _ 19(3)Y),

where the superscripts denote conjugates, vanishes identically, that we
have

|bylogay + baloganr — logas| < e—(0~404)37

where
_ ”Y) _ ﬂg) 90O —p0
o] = F oy = @ , o3 = SO 50

and there are six possibilities for (j, k, /) with distinct elements.

The theory of linear forms in logarithms now gives B < M where
M was 10°%3 originally and is now (see Theorem 7.1) about 10%. To
complete the proof we set

log o log a3
gp = 1 , =
og oy log an
and § = 0.404 so that
lbrg + by — Y| < e 01l (3.1)

We select K > 6, for instance K = 1033, and we determine from the
continued fraction for ¢ integers p, g such that

lgo —pl < 2A(KM), 1 <q < KM.

We then invoke the following simple lemma.

Lemma 3.4 (Baker and Davenport) If the distance of q\r from the
nearest integer is at least 3/K then there is no solution of (3.1) in the
range

8§ 'og(K*M) < |bi] <M.
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Proof. If |by] is in the above range then
e Sl 1 /(KM

hence from (3.1)
qlbip+b—y| < 1/K.

Further, we have
lbi(ge —p)| < 2/K.

Combining the inequalities we get
lpbr+qby—qy| < 3/K

which contradicts the hypothesis. O

There is a very high probability, since there is no obvious connection
between g and i, that the hypothesis of the lemma will be satisfied.
On checking that it indeed holds for all six possible triples (j,k,1),
one reduces the bound logarithmically, from 1073 to 3538 originally. A
further application reduces it again to 44 and there is then no problem
in determining all relevant b1, by and the corresponding solutions X, Y';
the calculations originally involved estimating quantities to some 1000
decimal places but one could now work with around 50.

Many Diophantine equations have now been completely solved using
this method; see again the survey article by Gy6ry [123]. As he men-
tions, Bilu, Ellison, Gaal, Gebel, Hanrot, Herrmann, Heuberger, Lettl,
Mignotte, Peths, Pohst, Smart, Stroeker, Thomas, Tichy, Tzanakis,
Voutier, Wakabayashi, de Weger, Wildanger and Zimmer, amongst oth-
ers, have contributed significant results to this area. The works have
involved two further computational techniques. Grinstead [120] derived
a method involving recurrence sequences which was applied by Brown
[59] and by Peth6 [191] and further developed by Pinch [195]. Another
development, due to de Weger [255] (see also Tzanakis and de Weger
[246]), utilises an algorithm, the ‘LLL-algorithm’, due to A. K. Lenstra,
H. W. Lenstra and L. Lovasz [144]; this has improved considerably the
computational aspects (see the survey article by Tijdeman [245] and
also the book by Smart [232]). We give here just one example from this
very large body of work, namely the remarkable application of Bilu,
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Hanrot and Voutier [43] establishing a hundred year old conjecture that,
forn > 30, the nth term of any Lucas or Lehmer sequence has a primitive
divisor.

Recently there has been an exciting new development relating to ellip-
tic curves based on the theory of linear forms in elliptic logarithms. It
involves the group structure of the rational points on the curve and an
analogue of Theorem 7.1 due to N. Hirata-Kohno and S. David. The
method was indicated originally by Lang and first successfully applied
by Stroeker and Tzanakis and, independently, by Gebel, Peth$ and
Zimmer; there is a discussion in Section 7.3. This area of research is
now very active; a particularly striking result derived from the method,
due to Gebel, Peth$ and Zimmer [103], is a complete list of solutions of
the Mordell equation y> = x> 4 k for every k with 0 < |k| < 10*. Note
the considerable advance on the small values of k that could be dealt
with on an ad hoc basis before the advent of transcendence methods.

3.6 Exponential equations

Itis aremarkable fact that many of the equations that we have considered
above with fixed integer exponents can now be treated with variable
exponents. The results arise from Sharpening I [23] where estimates for
A that are best possible with respect to A were first obtained. All the
work here is effective and, in contrast to Theorems 3.2, 3.3 and their
generalisations, there is no analogous ineffective theory.

We begin by considering the equation

ax" — by" = ¢,

where a, b, ¢ are given positive integers. When n is a given integer >2
the equation is of Thue type and we proved in Theorem 3.2 that there
are only finitely many solutions in integers x and y all of which can be
effectively bounded in terms of a, b, ¢ and n. Now we can prove the
following.

Theorem 3.5 The equation above has only finitely many solutions in
integers x > 1,y > 1 and n > 2 and they can in principle be effectively
determined.
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Proof. We assume, as we may without loss of generality, that y > x.
The equation in question can be written in the form e® — 1 = ¢/(by")
where

A = log(a/b) + nlog(x/y).

Since elementarily we have |log(1 + z)| < 2|z| if |z] < %, it follows on
taking z = e® — 1 that
Al < y7",

where, as later, the implied constant depends only on a, b and ¢. From
Theorem 2.15 with A; = max(a, b), A, =y and B = n we have

log|A| > —logy logn.

On cancelling logy, we get n < logn and so n is bounded. It follows
from Theorem 3.2 that also x and y are bounded and this establishes the
result. U

Theorem 3.5 is the simplest deduction of its kind. Two deeper
examples are given by the following.

Theorem 3.6 The superelliptic equation y™ = f(x) has only finitely
many solutions in integers x, y > 1 and m > 2 and they can in principle
be effectively determined.

Here f(x) denotes a polynomial with integer coefficients and with
at least two simple zeros. The result is due to Schinzel and Tijdeman
[206]. For the proof one observes, as in Section 3.4, that the superelliptic
equation reduces to an equation of the type discussed in Theorem 3.5
with coefficients and variables in K and it is straightforward to generalise
the argument to number fields.

Theorem 3.7 For any integer k > 6, the equation
Y=

has only finitely many solutions in integers x > 1,y > 1 andm > 1 and
they can in principle be effectively determined.

In this case f(x) is any polynomial with integer coefficients. The
proof depends on properties of Bernoulli polynomials which enable
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one to reduce the equation to superelliptic type similar to that of The-
orem 3.6. This was shown by Gyé&ry, Tijdeman and Voorhoeve [124]
in 1979 but their work proceeded to utilise a theorem of LeVeque
which had then only been proved ineffectively; an effective version
was given by Brindza and this completed the proof of Theorem 3.7
(see [56, 57]). It is of interest to note that, if k < 6, then the equation
of Theorem 3.7 can have infinitely many solutions. Indeed Schéffer
[205] proved in 1956 that, when f(x) = 0 and &k > 0, the equation
has infinitely many solutions if and only if (k,m) is (1,2), (3,2),
(3,4) or (5,2).

In 1976 Tijdeman [244] achieved a big success in this field by proving
that the famous conjecture of Catalan is, in principle, decidable. Catalan
conjectured in 1844 that the only solution in integers x, y, p, ¢, all >1,
of the equation

Xy =

is given by 32 — 23 = 1; thus he hypothesised that 8 and 9 are the
only consecutive integer powers. In the Middle Ages, Levi ben Gerson
solved the case x = 3, y = 2, in 1738 Euler solved the case p = 2,
g =3,in 1850 V. A. Lebesgue dealt with the equation x’ — y> = 1, in
1964 Chao Ko treated the more difficult example x> — y¢ = 1 and in
1921 Nagell dealt with x> — y¢ = 1 and x” — y3 = 1. Moreover Cassels
showed in 1961 that if p, g are odd primes then p divides y and ¢ divides
x. Makowski deduced from the latter result that there cannot exist three
consecutive integer powers. Ribenboim’s book [201] gives references
to all these works and covers the subject well. Tijdeman proved the
following theorem.

Theorem 3.8 There are only finitely many solutions of the Catalan
equation x* — y9 = 1 in integers x, y, p, q, all >1, and these can
be effectively bounded.

The original proof depended on a double application of a logarithmic
form estimate of the type first obtained in Sharpening I (see Section 2.8)
and the fact that it gave the best possible dependence on the maximum of
the heights of the & was critical. Here we shall give a short demonstration
using Theorem 2.15.
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Proof of Theorem 3.8. Letx,y, p, g, all >1, be a solution of the Catalan
equation. In view of the historical results mentioned above, it will suffice
to assume that p, g are odd primes with p > ¢ and that x > 2. Then, by
elementary factorisation, we have

x=kX9+1, y=1Y"—-1

for some integers X > 1,Y > 1 where kis 1 or 1/p and [ is 1 or
1/q. It is readily verified that the equation X’ — y? = 1 implies that
Y <KX K pl/ 7Y where, as later, the implied constants are absolute and
we shall assume these estimates in the subsequent discussion.

Now the Catalan equation can be written in the form x” /y?—1 = 1/y4
and so, as in the proof of Theorem 3.5, we see that

lp logx — g logy| < y™?.
We now substitute for x and y in terms of X and Y. Since
|logx — log kX 9| < (kX )~

and similarly for y and, further, both ¢(IY?)~! and y~9 are at most
¢V~ 1 <« p3X 9, we get

Al < pPX79,

where
A = plogk —qlogl+pglog(X/Y).

We apply Theorem 2.15 withn = 3, A1 = p, Ay = q, Az = max(X,Y)
and B = pq; then A3 < X. This gives log|A| > —(logp)’logX
and on using the upper bound for |A| and cancelling log X it follows
that ¢ <« (logp)>. Similarly on substituting for y only and leaving x
unchanged we get
A < @Y7,

where A’ = plog(x/Y?) — glogl. We now apply Theorem 2.15 again
withn = 2,A;1 = max(x, Y?),A> = gand B = p. Since x < yq/p <Y1,
we have A < Y9 whence log ‘A/] > —q(logp)?log Y and on using
the upper bound for ‘A/ } and cancelling log Y we obtain p < g(log p)?.
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Combining the latter inequality with ¢ < (logp)® we see that p and
g are bounded and it follows from Theorem 3.6 that also x and y are
bounded. O

Since the work of Tijdeman there has been considerable effort to
obtain manageable bounds for the solutions of the Catalan equation so
as to verify Catalan’s conjecture. The best estimates to date show that
min(p, q) lies between 107, due to Mignotte et al., and 10'2, due to
Blass, Glass et al., but it has proved difficult to close the gap. Recently,
however, there has been some very exciting new work of Mihiilescu
[178] that completely solves the problem. First, following on work of
Inkeri and Mignotte, he showed [177] that p, ¢ must satisfy a double
Wieferich condition, that is

P71 = 1(mod ¢%), ¢! = 1(mod p?).

Using this result together with new ideas from the theory of cyclo-
tomic fields, in particular results relating to cyclotomic units based on a
deep theorem of Thaine, Mihiilescu has eliminated the case p #1
(mod ¢g); there remains the case p=1 (mod ¢) and here Mihiilescu
shows that the classical paper of Cassels and a memoir of Hyyrd of
about the same time, combined with the fundamental results on loga-
rithmic forms, can be applied to complete the solution. For a rendition of
Mihdilescu’s work which appeared in the Bourbaki seminar series before
his paper [178] was published see Bilu [42] and for a significant later
development see [179].

For further work in connection with exponential Diophantine equations
we refer to the excellent tract by Shorey and Tijdeman [225]. They dis-
cuss there, in particular, perfect powers in binary recurrence sequences,
generalised hyperelliptic and superelliptic equations relating to the
p-adic domain and to algebraic number fields, and to various famous
equations in addition to that of Catalan. These include the equation

(x + n) _ g
n
which was solved by Erd6s in 1951, the equation

x+D--(x+n =y"



66 Diophantine problems

which was solved by Erdgs and Selfridge in 1975 and the celebrated
Fermat equation

which was later solved through a particular case of the Taniyama-—
Shimura conjecture on the modularity of elliptic curves by Wiles [256]
in 1995.

3.7 The abc-conjecture

The abc-conjecture is a simple statement about integers that has come to
be recognised as one of the key problems of mathematics. It has its origin
in a conjecture of Szpiro comparing the discriminant and conductor of
an elliptic curve; on taking the special case of the so-called Frey curve
y2 = x(x + a)(x — b), which, incidentally, underlies Wiles’ proof of
Fermat’s last theorem referred to above, Oesterlé formulated an assertion
about the sizes of relatively prime non-zero integers a, b, ¢ satisfying

a+b+c=0,
and this was refined by Masser [163] to give the following.

Conjecture 3.9 (Oesterlé-Masser) For any ¢ > 0 we have
max(lal, b], |c]) < N'**,

where the implied constant depends only on ¢.

Here N denotes the ‘conductor’ or ‘radical’ of abc, that is the product
of all the distinct prime factors of abc. The conjecture would not hold
with ¢ = Osince forinstance (see [139]), ontakinga = 1,b = —3%" and
writing 3 = 142, itis clear that 2" divides ¢ whence N < 6¢/2". Masser
was influenced by a theorem of Mason [161] who had investigated the
problem of generalising the theory of logarithmic forms to function
fields and was led thereby to a result which, as we now see, is the
analogue of the abc-conjecture in the function field setting; Stothers
[239] had independently come upon the same result by way of the theory
of Riemann surfaces.
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The conjecture has many striking consequences and has been dis-
cussed widely; see in particular [119]. One observes immediately that it
implies that the Fermat—Catalan equation

ax"+by +c7' =0,

where a, b, ¢ are given non-zero integers, has only finitely many
solutions in relatively prime integers x, y, z, all > 1, and positive
exponents r, s, ¢ satisfying A <1, where A= (1/r)+ (1/s) 4+ (1/¢). In
fact Conjecture 3.9 gives max(x", y*,z") < (xyz)'*¢ where the implied
constant depends on a, b, ¢ and ¢; thus we obtain x < (xyz)(”e)/ r
and similarly for y, z whence xyz < (xyz)!1*¥)*. By an observation of
Masser, for A < 1 the largest value of A as a function of positive inte-
gers r, s and ¢ is attained at r =2, s =3, =7 and then A =41/42; thus
with e < (1/41) <(1/x) — 1 it follows that xyz, whence also each of
X, y, z, is bounded in terms of a, b, ¢ and the estimates above now
show that r, s, ¢ are likewise bounded. In other directions, Elkies has
demonstrated that the abc-conjecture furnishes a proof of the famous
theorem of Faltings (see Section 3.4) and, furthermore, Langevin and
Bombieri have shown that it can be used to establish the Thue—Siegel-
Roth theorem (see Section 1.1 and [48, Theorem 12.2.9]). The latter
arguments utilise a theorem of G. V. Bely! [37] on coverings of alge-
braic curves with three ramification points but are otherwise quite
straightforward. To obtain Theorem 1.7 in the special case of fractional
powers of rationals (a/b)'/", for example, one has only to apply Con-
jecture 3.9 to the sum ¢ = bx" — ay” to get |c| > y"~27¢. Granville
[117] has demonstrated that the abc-conjecture yields various results on
square-free numbers of a kind studied by Hooley and others. Moreover
Granville and Stark [118] have shown that, if one assumes a so-called
uniform abc-conjecture for number fields as formulated in studies of
Vojta [249], then one can prove the non-existence of the Siegel zero for
Dirichlet L-functions (see Section 3.1); and there is a connection here,
through work of Baker and Schinzel on the genera of binary quadratic
forms, with the famous ‘numeri idonei’ problem of Euler (see the
survey [34]).

The only significant approach to date to the abc-conjecture is due
to Stewart and Kunrui Yu [238], refining earlier work of Stewart and
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Tijdeman [237]. They show that
log max(lal, |b],|c]) < N'3(1ogN)?,

where the implied constant is absolute. The result is based on the
archimedean estimate for logarithmic forms in Theorem 7.1 and the
non-archimedean analogues of Kunrui Yu [268] as discussed in Section
2.8. The approach is plainly of much interest but it would seem that,
to go significantly further, some new ideas will be needed and certain
suggestions in this connection were made recently in Baker [27, 28].
Let w(n) denote the number of distinct prime factors of an integer n and
define w = w(abc). Then it was proposed that, for all relatively prime
integers a, b, ¢ with a + b 4+ ¢ = 0, we have

max(lal, [b], [c]) < N(logN)“/w!,

where the implied constant is absolute. Since w <« log N /loglog N, it
is seen that this is a refinement of Conjecture 3.9. Moreover, it does not
violate the example with a = 1, b = —3%" mentioned at the beginning
or indeed a stronger result of Stewart and Tijdeman [237] to the effect
that there exist infinitely many positive a, b, ¢, with no common factor
and a — b = ¢, such that

log(c¢/N) > (log N)l/z/log log N.

Furthermore, computations as described in [28] indicate that the refine-
ment may be valid in a completely explicit form with 6/5 as the implied
constant. There is another refinement to the abc-conjecture proposed in
[27, 28] namely

max (lal, |bl, [c]) K NO(N),

where ®(N) denotes the number of positive integers up to N that are
composed only of prime factors of N, and again computations have been
described providing support.

Now consider the logarithmic form

A = ujlogvy + - + u,loguy,,

where vy, . .., v, are positive integers and uy, . . . , u, are integers, not all
0. Assuming that A 7# 0 we can write A = log(a/b) for unique positive
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integers a, b with (a,b) = 1. We put ¢ = a — b, and we note that, if p
is a prime dividing c, then log(a/b) exists in the p-adic sense and we
have |A|, = [cl|,; if p does not divide ¢ we simply define [A], = 1.
Then in the case that a = b + ¢ with a, b, ¢ positive, a slight variant
of the proposed refinements above is equivalent to an estimate for the
expression

g = min(1,|A|)1_[min(1,p|A|p),

with the product taken over all primes p; in a little weaker form, this
estimate is given by

logE » —(logvy +---+logv,)logu,

where u = max ‘uj‘. Thus we see that a result of the strength of the
abc-conjecture sufficient for all its main applications amounts essen-
tially to (i) replacing the archimedean valuation |A| in Theorem 7.1 (or
Theorem 2.15) by E, together with (ii) replacing the product
W (ayp) - - - W (ay) of the heights of the o by the sum A/ (ary) + - - - + 1 ()
(or, in Theorem 2.15, the product of the log A; by their sum). Certainly
combining the archimedean and non-archimedean valuations in a way
suggested by the product formula in algebraic number theory would be
of much value.

The subsequent chapters are devoted to the theory of logarithmic
forms in the context of elliptic and abelian functions and more generally
algebraic groups. Before leaving the subject of Diophantine problems
and the classical theory, however, we should mention that the work has
thrown valuable light on many further topics. They include Bertrand’s
studies on Galois representations [38], Bilu’s contributions to the theory
of modular curves [41] (see also Odoni [189] on modular forms), results
of Murty and others on the Ramanujan t-function [185] and they have
found application to dynamical systems (see K. Schmidt [207]) and even
to knot theory (see Riley [202], Acuiia and Short [1]).
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Commutative algebraic groups

4.1 Introduction

This chapter will be devoted to the preliminary results on commuta-
tive group varieties needed for the proof of the fundamental multiplicity
estimates that we shall give in Chapter 5. The estimates are crucial to
the recent refined results concerning linear forms in logarithms; essen-
tially, they replace the generalised van der Monde determinants and the
Kummer descent as used in the original work. The theorems in Chapter 5
will furnish all that is needed for the treatment of logarithmic forms in
both the homogeneous and inhomogeneous cases as well as dependence
relations of the type discussed in Section 7.1. The approach given here
employs techniques from commutative algebra and algebraic geometry
and extends to much more general situations, in particular to arbitrary
algebraic groups. The basic tools used in the derivation of the multi-
plicity estimates are the theory of Hilbert functions and the intersection
theory of varieties (see Wiistholz [263]).

Before going into details we give a short historical account of the
use of these methods in transcendence. They were in fact introduced by
Nesterenko [186] in 1977 in connection with his studies on E-functions
and then further developed by Brownawell and Masser [61]. A variant of
this technique combining commutative algebra with certain arithmeti-
cal considerations was given by Wiistholz [258] in 1980. Subsequently,
between 1981 and 1985, Masser and Wiistholz [164, 165, 166] proved
a zero estimate on group varieties appertaining to a single differential
operator. The main problem then became to extend the result to arbitrar-
ily many operators and Wiistholz succeeded in solving the problem in

70
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1982; the work was presented in his Habilitationsschrift Neue Methoden
inder Theorie der transzendenten Zahlen of the University of Wuppertal.
The first published paper in this context, however, is due to Philippon
[193]; in an important work of 1986 he was able to give a result of the
same kind but with elimination of certain restrictions on the parameters
and indeed in a form that is close to best possible. Later, in [262] and
[263], Wiistholz himself published detailed and improved versions of
his original material. The theory has found numerous applications as we
shall describe in subsequent chapters.

Many results in this field can be expressed in terms of exponen-
tial maps on certain commutative algebraic groups; an observation of
this kind was indeed noted by Lang [134, 137] in the early 1960s.
The terminology leads to a unification of several classical transcen-
dence proofs including those of Hermite, Lindemann, Gelfond and
Schneider. Essentially two properties of the fundamental functions are
used, namely the differential equations and the addition laws that the
functions satisfy. Thus, for instance, Schneider’s solution to Hilbert’s
seventh problem can be described as the construction of a polyno-
mial P(X,Y) which vanishes at points of the form (k + Z,B,ak+lﬂ)
for a certain set of integers k, [ under the assumption that o? is alge-
braic. The range of the set is then enlarged by an extrapolation process
based on the maximum-modulus principle and it is then shown that
there cannot be too many zeros of the above type; for the last step
Schneider simply appeals to the non-vanishing of a van der Monde
determinant. By contrast, in the approach by zero estimates, a polyno-
mial P(X,Y) is constructed such that, for integers k, [ as above, the
polynomials

Pri(X,Y) = P(X + k418, ofHPY),

vanish at (X,Y) = (0, 1); this is obviously just another way of view-
ing the earlier construction. By a so-called Schwarz lemma, itself a
consequence of the maximum-modulus principle, it is deduced that
Py 1(0,1) = 0 for an extended range of integers k, [, that is, one obtains
a large set of apparently distinct polynomials with a common zero. A
suitable zero estimate now shows that this is impossible; in fact, pro-
vided that P does not vanish identically, one sees that the polynomials
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generate an ideal in C[X, Y] which cannot have a zero as soon as k, /
vary in a sufficiently large set.

Similarly, in Gelfond’s solution to Hilbert’s seventh problem, a poly-
nomial P(X,Y) is constructed such that the function f (z) = P(e?, eP?)
does not vanish identically and has a zero at z = slog o with high mul-
tiplicity, that is, one has f ) (slog «) = 0 for a large set of integers s, ¢.
The range for ¢ is then extended by an interpolation process and finally
Gelfond appeals to the non-vanishing of a van der Monde determinant
as in the Schneider proof (see Chapter 2). Here one can use instead a
multiplicity estimate in the same way as the zero estimate previously.
Accordingly, one constructs a polynomial P (X, Y') such that, for integers
s, t in a certain range, the derived polynomials

Py (X,Y) = (A'P)(@'X, &*Y)

vanish at (X,Y) = (1,1), where A = X ¥ T ﬂY . The domain is
expanded by interpolation and, by cons1der1ng the 1deal generated by
the P, in C[X, Y], a contradiction is obtained as before.

More generally, Baker’s theorem can be based on the multiplicity
estimates proved in Chapter 5. Following Wiistholz [262], a polynomial
P(Xo,X1,...,X,) with algebraic coefficients is constructed such that,
for integers s, fo, . . ., I,— in a certain domain, the derived polynomials

Ps,l‘o,l‘],...,t,,,l (XO’ Xla L) ’Xn)
= (AQ - APTIP) (Xo+ 5, @} X1, ., 03X,)

vanish at the point (0, 1,...,1); here «y,...,a,, Bo, B1,---,Bn—1 are
algebraic numbers and

ad a a
Ag = — + BoXn— Aj:X‘

d
— Xy— (1<j .
9Xo X, jan + BiXn (I=j<n

0X;,

By an extrapolation algorithm as described in Chapter 2 one deduces
that the derived polynomials taken over a larger domain again vanish at
(0, 1,...,1). Now the domain is sufficiently large relative to the degree
of P so that the multiplicity estimates imply that some degeneracies
occur. The latter arise in a natural way as algebraic subgroups of the
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algebraic group G = G, x G}, where G, and G, are the additive and
multiplicative group varieties. They can be described easily by means
of the Geometry of Numbers and correspond to a necessary hypothesis
on the linear independence of either the log o or the § as one finds in
Baker’s theorem.

4.2 Basic concepts in algebraic geometry

We summarise here some of the rudiments of algebraic geometry; for a
full exposition see, for example, Hartshorne [125, Ch. I]. We define the
affine n-space A" over an algebraically closed field K of characteristic
0 as the set of all n-tuples of elements of K. By an algebraic set over K
we mean a subset of A" given by the zeros of a collection of elements in
the ring K[X1, ..., X,] of polynomials in n variables; in our subsequent
discussion all the algebraic sets will be assumed as defined over K and
we shall omit reference to the field. An algebraic set is called irreducible
if it is not empty and cannot be decomposed into the union of two
proper algebraic sets; in this sense, the empty set is not considered to be
irreducible. The algebraic sets generate a topology, the Zariski topology,
such that the open sets are given by the complements of the algebraic sets.

An affine variety X over K, or briefly affine variety, is an irreducible
algebraic subset of an affine space A" for some integer n. From the
irreducibility of X it follows that an affine variety is given by the set
of zeros of some collection of polynomials in K[X{, ..., X,], with the
property that the ideal /(X ) generated by the collection is a prime ideal.
The affine coordinate ring A[X] of X is defined as the quotient ring
KIX1, ..., Xul/1(X).

Let now Y be an open subset of an affine variety in A”; it is customary
to refer to such a subset Y as a quasi-affine variety. From the general
theory in [125] one sees that any quasi-affine variety is in fact isomorphic
to an affine variety but we do not need to appeal to that result here. A
function f: Y — K is said to be regular at a point in Y if there is an
open neighbourhood U of the point such that f can be written there as a
quotient p/q with p, g polynomials in K[ X1, .. ., X},] and with g nowhere
zero on U. If f is regular at every point in Y then it is termed a regular
function on Y. The regular functions on Y form a ring O(Y), indeed an
algebra, and it is a basic theorem of algebraic geometry (again see [125])
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that, for an affine variety X, we have O(X) = A[X], the coordinate
ring of X.

A morphism ¢: X — Y between affine or quasi-affine varieties X,
Y is defined as a continuous map such that, for every regular function
f:V — K, where V is an arbitrary open subset in Y, the composition
©*(f) of f and ¢ (i.e. f o ¢ mapping ¢~ ' (V) to K) is regular. Clearly
©*(f) is in O(X) for f in O(Y) and hence any morphism ¢ induces
a ring homomorphism ¢* between O(X) and O(Y); this is termed the
comorphism of ¢. We shall be concerned in the sequel with coordinate
rings and accordingly we mention that defining an affine variety X over
K amounts to defining a finitely generated integral domain over K and,
moreover, if X, Y are affine varieties, then specifying a morphism ¢ from
X to Y amounts to specifying a comorphism ¢* from A[Y] = O(Y) to
A[X] = O(X); these facts follow from [125, Corollary 1.3.8].

4.3 The groups G, and G,,

The additive group variety G, is defined as the affine line A! together
with the group laws u(g,h) = g + hand 1(g) = —g. From Section 4.2,
we see that O(G,) is the polynomial ring K[X ]. Further, the comorphism
w* corresponding to ;o maps K[X] to K[X|, X»] by u*(X) = X; + Xo,
where X and X; are the elements of O(G, x G,) which take (g, h)
into g and & respectively. Similarly the comorphism corresponding to ¢,
taking K[X ] to K[X], is given by X +— —X. Itis readily seen that, with
these definitions, G, becomes a commutative group variety.

Since Gy, as a variety is just the affine line A!, it can be embedded into
the projective space P!. A particularly nice embedding can be described
through the right group operation of PGL, on P!'. That is, we can identify
G, with a subgroup of PGL, by the mapping

tr—)lt
0 1

and then the embedding G, — P! is given by # — (1, ¢ + 1), where
the latter is the image of (1, 1) under the aforementioned operation,

(1,t+1)=(1,1)((1) i)
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In this way G, becomes the orbit of (1,1) in P! via the right action of
the subgroup of PGL; on P!.

Analogously, the multiplicative group variety G,, is defined as the
affine line with the origin removed, that is A' ~ {0}, together with the
group laws (g, h) = gh and ((g) = g~ '; thus G,, is quasi-affine with
respect to A!. Further, we have O(G,,) = K[X, X ~!]; for the non-
trivial closed sets in the Zariski topology of A! have just finitely many
points, whence any element f in O(G,,;) has the form p(X)/q(X) with
P, q polynomials and ¢ nowhere zero on G, and the latter implies that
g is monomial. (Alternatively, G,, can be defined as the hyperbola with
equation ST = 1 in the affine plane A?; for this is plainly isomorphic to
Al < {0} by projection onto the affine X -line. Now the ideal 1(G,,) is
generated by XY — 1 and it is clear that the quotient ring K[X, Y]/(XY —
1) is isomorphic to the ring K[X, X_l].)

Next we observe that the comorphism p* corresponding to p maps
K[X,X_l] to K[X], Xl_l, X2, Xz_l] by pL*(X) = X]Xz, where Xl, X2
are the elements of O(G,,, x G,,) defined as for G,,. Further, the comor-
phism corresponding to ¢, taking K[X, X ~'] to K[X, X ~'], is given by
X — XL Obviously G, can be embedded into G, and, as before,
this gives a projective embedding of G,, into P'. Another embedding
G — Plisgivenbyt — (1,1), where G,, is identified with a subgroup
of PGL, by the mapping

RN (1 0)
0 t)°

1,0 =(,1) <(l) (t))

it follows that G,,,, like G, is the orbit of (1, 1) in P'.
Finally, on combining results, we see that for the group variety G =
Gqa x G, the ring K[G] of regular functions on G is given by

Since we have

KXo, X1, X; s, X, X711

Further, the embeddings of G, and G,, into P! described above plainly
give an embedding of G into (P')"*!.
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4.4 The Lie algebra

In this section we determine the Lie algebra g = g(G) of commutative
linear algebraic groups G which are products of the groups G, and G,
that were introduced in Section 4.3.

The morphism u: G x G — G is the product of the morphisms which
define the group structures on G, and G,,. We define the translation
operator T, for any g € G as the mapping G — G which takes 4 in G to
n(g,h). Then the comorphism Tg* of T, takes O(G) into itself and, for
any element f in O(G), we have Tg* (f) as the function G — K given by
h+— f(u(g,h)) for h € G. We recall that, associated with O(G), there
is the vector space of derivations over K. An element D: O(G) — O(G)
of this vector space is called translation invariant if

DOT;ZT;OD

for all g € G. The Lie algebra g = g(G) of G is now defined to be the
vector space of translation invariant derivations of O(G).

Accordingly the Lie algebras g, and g, of G, and G,, are the spaces
of translation invariant derivations of the algebras K[X ] and K[X, X -1
respectively. They can be determined easily in terms of the derivation
d/dX which is defined by (d/dX)X = 1.

Proposition 4.1 The algebras g, and g, are generated over K by d /dX
and by X (d /dX) respectively.

Proof. First we note that a derivation of K[X ] is completely determined
by its action on X and similarly for K[X, X —11. Further, clearly, for G,
we have Tg* (X) = g + X and for G, we have T;‘ (X) = gX. Hence the
action of d /dX on Tg* (X) gives 1 for G, and g for Gy,.

We proceed now to prove the proposition for g,. Accordingly let D
be any element in g,. Then DX € K[X] and we have

Since D is translation invariant, it follows that

T}(DX) = DX
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whence, for all g, the polynomial DX is invariant under the substitution
X +— g + X . This implies that DX € K and so D is in the vector space
generated over K by d/dX as required.

Suppose now that D is an element of g,,. Then DX € K[X, X 1]
whence X" DX is a polynomial, say P(X), for some integer n, and we
may select n such that (X, P(X)) = 1. We have

T, (DX) = (DX)(gX), D(T,(X)) =gDX.
Since D is translation invariant, it follows that
(gX)"P(gX) =gX "P(X).

But this gives P(gX ) = g™+ P(X) which implies that P is homogeneous
of degree n + 1. Thus we obtain P(X) = P(1)X"*! and so, from the
property (X,P(X)) = 1, we see that n + 1 = 0. Hence DX = P(1)X
and therefore D has the form P(1)X (d /dX) as required. O

In a similar way one deduces that the space of translation invariant
I-forms is generated by dX in the case of G, and by dX /X in the
case of Gy,.

Finally we note that the Lie algebra of G = G, x G}, is the direct sum
of the Lie algebras of the factors. Thus it follows from the proposition
that the differential operators

ad d ]
s Xizo- X
0Xo 0X1 0X,

form a basis for g and that the differentials

dxi dx,
dXo, —, ...,
Xl Xn

give a basis for its dual space g* = Homg (g, K), the space of translation
invariant derivations. These bases for g and g* are plainly dual and the
choice of bases gives isomorphisms between g and K"*! and between
g* and K"*1,
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4.5 Characters

Let G, G’ be group varieties of the type G}, or G, x G/, for some n > 0.
A homomorphism from G to G’ is a morphism ¢: G — G’ such that the
diagram

QX
GxG

G xG

m m/

G G

commutes where m, m’ are the multiplication morphisms for the groups
G and G’ respectively. Then the group of multiplicative characters of G
is defined to be

X (G) = Hom(G, G,,).
Further
X.(G) = Hom(G,,, G)

is called the group of multiplicative one-parameter subgroups of G. The
character groups X (G,,) and X (G,) are easily determined.

Proposition 4.2 We have

@) X(Gm) =12,
(ii) X (Ga) =0,
(i) X4(Gg) =0.

Proof. To prove (i) let A € X (G,,). Then A* is an endomorphism of
K[T, T~']. Such a homomorphism is uniquely determined by its effect
on the generator 7. So let

AN(T) =T"q(T)

with ¢(T) in K[T],n € Z and (T, q(T)) = 1. On noting that the affine
algebra of G,, x G, is the tensor product of the affine algebras of the
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factors, we have on the one hand

AW @AH(mM'T) = W @A) (T1 @ To)
= 15(T1) ® A*(T2)
=T1q(T1) ® Ty q(T>)

and, on the other hand,
m* AX(T) = m*(T"q(T))
=m*(T") - m*(q(T))
=N RN)" 9T ®T2).
Since A* is a ring homomorphism both are equal and therefore
q(T1 @ T2) = q(T1) ® q(T2).
This functional equation for g(7") has the solutions
qT)y=T1"

for integers m > 0. But (¢, 7) = 1 and so ¢(T') = 1. Hence we see that
A*(T) = T" for some n € Z.

In this way we obtain a map A — n = n(A) from X (G,,) to Z which
is clearly a homomorphism that is trivially injective and surjective. This
proves (i). Note that it follows immediately that X (G}) = Z".

In order to prove (ii) we take A in X (G,) and obtain an algebraic
homomorphism A*: K[T, T~!] — K[T]. But A*(T') has to be invertible
which means that A* is a unit in K[7']. This shows that A is constant and
being a homomorphism it must be zero. Part (iii) of the proposition can
be seen as follows. If there were a non-trivial one-parameter subgroup
then the additive group would contain torsion subgroups which is not
the case. a

The character group can be used to give a more intrinsic description for
the affine algebra of G = G/!,. Let g be the Lie algebra of G as discussed
in Section 4.4. We write 7 instead of G and then its affine algebra is the
group algebra K[X (7)] of the character group. This description can be
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used to establish a canonical identification of the character group X (7)
with a lattice in g* = Homg (g, K), that is a a free subgroup of g* of
maximal rank, and likewise of the co-character group X, (7") with a lat-
tice in g. We associate with x € X (7) the invariant 1-form [, =d x/x
and we associate with ¥ € X,.(7) the invariant differential operator dy,
defined by (dv)(x -(d/d x)) where x is one of the two generators for the
character group X (G,,); thus we obtain maps I: X (7) — g%, [ — [,
and 0: X4«(7) — g, ¥ — 0y. We observe here that 9 is canonical up
to the choice of x or its inverse x ~! and moreover that / and 9 give an
identification of X (7°) with a lattice in g* and of X, (7) with a lattice
in g. The duality pairing between g and g* induces a pairing s between
X (7T) and X, (7) which can be described intrinsically as follows. For
given x € X(7) and ¢ € X,(7) we obtain an element x o in End G,
and, since End G,,, is canonically isomorphic to Z, we can take s(x, V)
to be the image of x o V¥ in Z; then one easily verifies that the function
2 has the properties of a pairing. The argument applies analogously in
the case G = G, if we define [: X’ = Hom(G,G,) — g* by [, =dyx
and 3: X, — g by dy = (dy)(d/dy) with x a fixed generator of X’
when this is viewed as the additive character group.

4.6 Subgroup varieties

In this section we determine the subgroup varieties of the group variety
G=G,xG),.

A good reference here is Borel’s book [51] which includes in particular
the relevant theory relating to tori.

Proposition 4.3 IfH C G is an algebraic subgroup then H = H, x H,
where H, € G, and H,, € T = GJ}, are algebraic subgroups.

Proof. Let p, and p,, be the restrictions to H of the projections G — G,
and G — G, respectively. The algebraic subgroups H, = pa_1 (0) and
H, = p;l (0) intersect only in 0 and so H contains the product H, X Hp,.
The quotient group given by

(Gq x Gnm)/(Ha x Hy) = (Gyo/Hy) % (G /Hy)
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contains the image H' of H and the homomorphisms p, and p,, induce
isomorphisms p/, and p/, from H' onto their images. This means that H'
is the graph of an isomorphism between some algebraic subgroup of G,
and another of GJ,,. As we noted above, such a homomorphism must be
trivial. Hence we have H = 0 and thus H = H, x H,,. O

The proposition shows that we need to determine subtori S € 7
where 7 is the n-dimensional torus GJ},. In Section 4.5 we associated
with a torus 7 of dimension n a (multiplicative) lattice X (7), that is a
free abelian group of rank n. Conversely we can associate a torus with a
(multiplicative) lattice U of finite rank n. In fact, the group algebra K[U |
of U is by definition the vector space with the elements of U as free
generators and the algebra product of two elements u, v in U is the group
element uv in U. The product can be extended linearly to K[U] and it
defines the algebra structure. Then K[U] is the affine algebra of some
torus 7 of dimension n. This construction gives a bijective correspon-
dence between the class of tori and the class of (multiplicative) lattices
of finite rank. Moreover, our discussion shows that the affine coordi-
nate ring K[7] of a torus 7 with character group X (7') can be written
canonically as K[X (7)], the algebra generated by the character group.

In a similar way, a homomorphism «: 7" — 7 from one torus into
another defines a homomorphism o*: X (7)) — X (7”) between the cor-
responding character groups; it maps a characterin X (7°) to its restriction
to 7’. In the other direction, a group homomorphism from a lat-
tice of finite rank to another determines uniquely a homomorphism
between the corresponding group algebras and gives a unique homomor-
phism between the associated tori. Under the bijective correspondence a
connected subtorus S of a given torus 7 determines a surjective homo-
morphism from X (7)) to X (S). Now it is an established fact from group
theory that a subgroup U of X (7) is a direct factor if and only if the
quotient group X (7)/U is torsion free. Thus, if U is the kernel of the
homomorphism above then it follows that U is a direct factor of X (7).

We are now in a position to prove a lemma which is fundamental for
transcendence theory over group varieties.

Lemma 4.4 For any connected subtorus S of T = G, with codimen-
sion s there exist linear forms L1, ..., Ls with integer coefficients such
that the Lie algebra of S is given by L) = --- = Ly = 0.
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Proof. Let g be the Lie algebra of 7 and let g* be the dual space of g.
Further let Y be the subgroup of X (7) consisting of elements x such
that

x=1
on S. This is a set of generators for the ideal of S. The homomorphism
[ introduced in Section 4.5 gives an embedding of Y in g* and the linear
forms [, on g for x € Y give equations /, = O for the Lie algebra g(S5)

of Sin g. If x1,..., xu is a basis for X (7) then the equations for S
become

x'=1

with x! = Xf(l) e X,ll(n) in Y where [ runs through a direct factor U of

7" with rank s. We have
Ly=IM, +---+1n)l,

and Ax = [, (A)x for A € g. Thus the equations for the Lie algebra
g(S) can be written as L = 0 where

L=Iz1+ -+1n)z;

here zy, . . ., z, are the coordinate functions of g with respect to the basis
Ly,s. ... 1y, of g* and I(j) € Z. The lemma follows on taking a basis
Xll e Xl-? forUandLy,...,Lgasthecorresponding linear form L. O

4.7 Geometry of Numbers

In this section we shall give some variations on the theme of Minkowski’s
theorem on successive minima in the Geometry of Numbers. We refer
to Cassels’ book [64] for basic definitions.

By a lattice A C R" we mean a discrete subgroup of R"” which
generates R” over R. Any lattice A can be written as

A =Zaj +- -+ Za,

and the vectors ay, ..., a, form a basis of R". We associate with any
such lattice A a real number d(A), the determinant of A, defined as
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the absolute value of the determinant of the n x n matrix whose rows
are the vectors ay, ..., a,. Clearly d(A) depends only on A and not on
the choice of basis. If one is given a set of lattice elements one can ask
the question whether it is possible to extend the set to a basis for the
lattice. The following lemma gives a necessary and sufficient condition
under which this is possible.

Lemma4.5 Letby,..., b, be elements of a lattice A, with1 < m < n,
and let ¢y, ..., ¢y be their coordinate vectors with respect to a basis
ai,...,a, of A. Then by, ..., by, can be extended to a basis of A if and
only if the determinant of the m x m minors of the m X n matrix with

row vectors €1, . . . , €y, have no common factor.

Proof. See [64, Ch. I, §2, Lemma 2]. O
We recall that a set of vectors by, ..., b, as above is said to be prim-

itive if the condition on the minors of the matrix attaching to ¢y, ..., ¢y,

is satisfied. In view of Lemma 4.5, a primitive set of vectors by, ..., by,

can be extended to a basis of A.

By a convex body B we mean a subset B € R” such that for any x,
y in B and all real numbers ¢ with 0 < ¢ < 1 the element rx + (1 — 1)y
is in B. The convex body B is called symmetric if —x is in B whenever
the vector x is in B. Let now B be a bounded convex symmetric body
and let A be a lattice in R”. We define the kth successive minimum
A = A (B, A) to be the infimum of all real numbers A > 0 such that AB
contains k linearly independent lattice points. Then trivially we have

M SIS <
The space R” is equipped with the standard Lebesgue measure and one
sees that every bounded convex body is Lebesgue measurable and pos-
sesses a volume vol B. It is well known [64, Ch. VIII] that the successive

minima Aq, . .., A, of a bounded symmetric convex body B with respect
to a lattice A in R” satisfy

2" /nYd(A) < Ap---Ayvol B <2"d(A).

We next introduce a weighted volume for a submodule M over Z
of the particular lattice A = Z". Since A is a free Z-module the same
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holds for M and we can choose a basis my, ..., m, for M; here r is
called the rank of M. We denote by M the r x n matrix with row vectors
my,...,m, and we write M;, _; for the r x r minor corresponding to
a set of indices ji,...,jr with 1 < j; < --- < j, < n. Then for any
real vector a = (ay,...,a,) with positive coordinates we define the
weighted volume of M with respect to a by

)s

where the maximum is taken over all possible choices of ji, . . ., j,. The
definition does not depend on the choice of basis; in fact if the matrices
N and Nj, . j, are obtained in the same way as M and M;, ;. on starting
with a different basis then we obtain N = UM for some r x r matrix U
with integral coefficients and determinant £=1. Further the volume of M
is independent of the choice of basis for we have N;, ;. = UM;, .

voly (M) = max (aj1 - aj, |det(Mj, )

.....

We now show that there exists a sublattice of M that is generated
by elements possessing a property of Minkowski type in terms of the
distance function

Ga(x) = aylxi| + -+ - + aplxy|

which is defined with respect to a vector a = (ay, . . .,a,) with positive
real coordinates.

Lemma 4.6 For any submodule M of 7" of rank r there exist linearly
independent elements yi, . ..,y, of M such that

Ga(y1) -~ Ga(yr) <= (n+1—=1r)rlvola(M).

Proof. Letmy,...,m, be a basis for M and let M be the matrix with
rows my, ..., m,. We fix integers ji, . . ., j, with

B

vola(M) = aj, - - - aj, det(Mjb.-.,jr)
and define the projection 7:R" — R’ by sending x = (x1,...,Xy,)
to X' = m(X) = (xj,,...,%j,). The distance functions in R”" are then
given by

G,(x) = aj, !le‘ +-+a

Xjir
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Since the elements myj,...,m, form a basis of M so that
det(M;,, .. ;) # 0, we can express every vector X' € R” uniquely as

X' = §ir(my) + - -+ + &, (m;)
with real coefficients &p,...,&.. Hence we can define a mapping
o:R" — R" by

X = O'(X/) =&my + -+ §m,.

This is a homomorphism with the property that m o ¢ = id and for
x' € (M) we have o (x") € M.
It will suffice now to show that

Ga(o(x) < (n+1-rGy(x).

For let A, ..., A, be the successive minima with respect to the lattice
7 (M) of the convex body B’ given by G (x’) < 1. The volume vol B’ of
B’ is calculated as (2"/ r!)(ajl . -ajr)_l and the determinant d (7t (M))
. Thus by Minkowski’s theorem we have

A Ar < rlvola(M).

By the definition of the successive minima there exist linearly indepen-
dentelements y}, ...,y in 7 (M) with Gg(yj/.) =1;. Weputy; = a(y]/-)
for 1 <j < r. Then

Ga(y)) = (n+1-— r)Gé(y}) .

Hence

Ga(y1) - Ga(y,) <(n+1—=r)"A1-- A

and the inequality for A; - - - A, yields the stated result.

It remains to prove the inequality relating G, and G,. We denote the
columns of the matrix M by u1, ..., u,. They generate a vector space
over the rationals of dimension r and the column vectors w;,, ..., [,
are linearly independent. Hence we can write p, for 1 < o < nasa
linear combination

Mo = Vighji + -+ VroMj,
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with rational coefficients yj.. These can be expressed as quotients of
determinants of minors of the matrix M . In fact we have

Voo = + det (leo)/ det (1‘4j1,.~~,jr)

where M denotes the r X r matrix Mj, . ; withthe column ;, replaced
by 1. By the definition of ji,...,j, we see that the absolute value of
this quotient is at most equal to a;, /a,; hence we obtain

aglVog| = aj, .

If we write 0 (X') =X = (x1,...,X,) and m; = (mjl, o ,mjn) then
r r r
Xk = Z EoMg) = Z &o Z YokMoj,
J:l 0':1 Q:]
r r r
=D Vok )_EoMaj, = ) Yo%,

On multiplying by a; and using the above inequality we get

.
arlxel <Y aj,lx, |-
o=l

The right-hand side is G}, (x'). Clearly by the definition of G, (x) we have

Ga(x) = Go(x) + ) _ arlxc|
k

where the sum is taken over all k # ji,...,j,, and there are exactly
n — r terms in the latter sum each of which is bounded by G (x’). Hence
finally

Ga(x) = (n+ 1 —1)Gy(x)

as stated. O

Lemma 4.6 shows that there exists a sublattice for M. Incidentally,
Kunrui Yu has pointed out to us that, by [176], the constant (n + 1 —
r)"r! here can be improved to n(n — 1) - - - (n — r 4+ 1) and Masser has
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remarked that another approach, using the Cauchy—Binet identity instead
of projections, gives the strange coefficient

1

4n\2" [/n r

=) VGG

b4 r 2
which seems numerically better if » < n. However, it will be essential
in the sequel to exhibit a basis. This can be done although at some cost

(cf. [64, Ch. V, Lemma 8]). Namely, with the same hypothesis as Lemma
4.6, we prove the following.

Lemma 4.7 There exists a basis X1, . . .,X, of M such that
Ga(x1) -+ Ga(X,) < (1 + 1= )" (2(3)"™" vola(M) .

Proof. Let yy,...,y, be the vectors given by Lemma 4.6 such that
Ga(yj)) < (n+ 1 —r)A;. We denote by /\/; the vector space generated
over the rationals by yi,...,y;. On intersecting \; with M we obtain
a submodule £; of the lattice M of rank j. We proceed to construct
inductively vectors X, . .., X such that x|, . .. ,XJ’. is a basis for £;.

By definition we have £; = Zpy; for some rational §; and we put
x| = B1y1. Now we assume that x|, ..., XJ/._1 form a basis for £;_; for
each j with 1 < j < r. We choose for X/’ a vector in £; which has mini-
mal positive distance to N;_; with respect to Ga. Then X, .. ., X;_l, XJ’.
constitute a basis for £;. In factlet x = §1x] +-- - + ijj’. be in £; where
the §; are rational. Then we define

X' = {§1)x) + - +{8)x] € L;,

where {§} denotes the fractional part of § so that 0 < {6} < 1. The
distance of x" to Nj_1 is {8;} times the distance of X// to £;_1 and so, by
the minimality of the latter, we conclude that {§;} has to be zero, that is
8j € Z. By induction we obtain §; € Z for i < j, whence X, ... ,XJ/. is a
basis for the Z-module L;.

Let M; be the lattice generated by X/, . .. ,x]f, Yj+1,---,Yr. Then by
the construction of X/, ...,X, we have M;_; S M; and this gives a
filtration

M:MrQMr—l 2 QMI QMO
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We have

Xi = Fiyi+ -+ Bimiyj-1 + By

with rationals B, ..., B;, and the distance of Xj/~ to /\/}-_1 is equal to | ;]
times the distance of y; to Nj_j. It follows by the minimal assumption
on x; that |8;] < 1. In fact it is easily seen that ‘,Bj} has to be 1/e; for
any j where ¢; € N is the index of M;_1 in M, but we do not need to
use the observation here.

We now set x; = x| and for 1 <j < rweputx; =y;if || = 1 and

Xj = (B1 — boy1 + -+ (Bj=1 — bji—1)yj=1 + Byy;

if |Bj| < 1, where the b; are integers such that |8; — b;| < % Clearly
X1,...,X, is again a basis of M. Since .} < Ay < --- < A,, we have
the estimates

Ga(x1) = Ga(y) = (n+1—r)2y

and
J
%Z ayo) S 3+ 1-njny, (1<j<n).

These give
roaf1y 1
Ga(x1) Ga(X) < (n+1=1)"11(3) " Az

and Lemma 4.7 follows from our earlier upper bound for A{ ---A,. O
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Multiplicity estimates

5.1 Hilbert functions in degree theory

We now come to the preliminary results on degree theory needed for the
proof of the fundamental multiplicity estimates in Section 5.5 and we
begin, in this section, with an account of the theory of Hilbert functions.
We shall follow as much as possible the exposition given in sections 10
and 11 of the book of Atiyah and Macdonald [9].

Let I be the set of integers j with 0 < j < nandlet ' = N be
the set of functions on / with values in N which is a free monoid with
n 4+ 1 generators. An /-graded ring is a ring A together with a family of
subgroups (A, ), er of the additive group of A such that A = @y cr Ay
and A, A,, €Ay 1, forall y1, y> € I'. In particular A is a subring of
A and each A, is a module over Ag. In our subsequent application of the
theory we shall take for A the polynomial ring R = K[Xo, Yo; .. .; X, Yul
in 2(n + 1) variables over a field K and for A, the subgroup R, of R
generated by all monomials M (y1,y2) = X;" © Yy O x iy
with y1 + y2 = y. Hence R, will then consist of all polynomials which
are homogeneous in the pairs of variables X;, ¥; of degree y (i) fori = 0,
1,...,n.

A graded A-module, where A is a graded ring, is defined as a module
M together with a family of subgroups (M, ), cr of the additive group
of M such that M = P, M, and Ay, M,, S M, 4, for all y,
y2 € I'. Again this implies that each M, is an Ap-module. Elements of
M, are called homogeneous of degree y. Further, each m € M can be
expressed uniquely as a finite sum ) _ m,, for m, € M, and m,, is called
the homogeneous component of .

89
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Let now A be a Noetherian graded ring. Then also Ag is Noetherian and
A is generated over Ag by homogeneous elements ay, . . . , a; of non-zero
degrees dy,...,ds; € I'. We take M to be a finitely generated graded A-
module whence each M, is a finitely generated Ag-module. We fix some
additive function A on the class of finitely generated Ag-modules, that is
an integer-valued function A which satisfies A\(M) = A(M") +A(M ") if
0—> M — M — M” — 0is an exact sequence. The Poincaré series
of M (with respect to 1) is the generating function

P(M,t) =Y A(M,)1".

yell

Here ¢ denotes a set of variables 1, . .., t, and t¥ = tg O .. 1) ™ Then

PM, 0y =f@ /][0 -,

i=1

where f(¢) is a polynomial with integer coefficients, and so P(M , ) is
a rational function of ¢. This is a generalisation of a famous theorem of
Hilbert. The proof of the result is formally the same as the proof given
in [9] in the case when [ consists only of one element and we shall not
repeat the arguments here. The generating function P(M , t) encodes all
the relevant information about the module M .

We consider now the case when the functions d;, 1 < i < s, are taken
from the set of functions ¢; € I', 0 < i < n, which are defined by
&i(j) = d;j where §; ; denotes the usual Kronecker delta function. Then
the denominator of the Poincaré series takes the form [T (1 — #%)™®
with m € I and with n > 0. The latter product can be developed into a

series of the shape ) - b,.t** where b, is given by

»#(0) + m(0) — 1 »xn) +mn) — 1
< m(0) — 1 )”( m(n) — 1 )

Hence, if f (1) = > _ perfut" is a polynomial then

AMy) = Z by—p fu-

O<p<y
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Now, the function A(M, ) is a polynomial in y(0),. ..,y (n), usually
called the Hilbert function (or polynomial) xas (y) of M with respect
to A. The degree of xys(y) in the variable y (i) is at most m(i) — 1, by
construction, and it can be written as a linear combination

X ()= xmk(¥)

k>0

of homogeneous polynomials y,s x (y) of degree k (in N). We denote by
d (M) the smallestinteger / such that x3s 1 (y) = Oforall k > /. The term
xm .am)(y) of highestdegree d (M ) contains all the information relevant
to us; if the function A is non-negative then this term is non-negative
and can be written as

> M)y ),
J(O)+-~+j(n)=d (M)
j<m—1

where j! = j(0)!---j(n)! and y/ = y 0y ...y (1) ™. We obtain for
J € I'' additive functions A; > 0 on the class of finitely generated modules
over Ap. In summary, we associate with an additive function A on the
class of finitely generated Ag-modules a function d # 0 with values in
N and a family of additive functions A;: M > A;(M); the values of the
latter are not all zero if j(0) + --- +j(n) =d(M),j < m — 1, and are
zero otherwise. If A takes integer values then so do all the A; and these
are not all zero if and only if A is non-zero. The function d is equal to
—o0if M =0.

We now return to the example introduced above and we take here
as generators ay,...,das the variables X; and Y; for 0 < i < n with
degree ¢;. Then the family of d;, 1 < i < s, contains exactly two of
the functions ¢; with 0 < i < n. Thus we have m(i) < 2 for each
i =0,1,...,n and furthermore we have A; = 0 when j does not sat-
isfy j < 1. In other words the support of the function A: j > 2; is
contained in the subset of I" which consists of the functions j which
have values in the set {0, 1}. We apply our theory to quotients R/I
of R by some homogeneous ideal /, that is an ideal of R given by
the direct sum @, I, of I, = I N R,,. It is now easy to verify the
following.
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Proposition 5.1 Let I,J C R be homogeneous ideals and let ® € R be
a homogeneous element. Then we have

PR/UINJ), t) =PR/I,t) + PR/J,t) — PR/ +J),t) (5.1)
and
PR/®I, 1) = tdequP(R/I, t)+ PR/ (D), 1). (5.2)

Proof. We use the fact that the Poincaré series is additive with respect
to the module M and that the sequences

00— ({U+J)/I— R/l —R/UI+J)—0
and
0—J/UNJ)— R/INJ)— R/J — 0

are both exact. Since (I+J) /I = J /(INJ) the first part of the proposition
follows. For the second part we observe that multiplication by ® gives
an endomorphism of the module R of degree deg ® and induces an exact
sequence

0 —> R/I -2 R/®I —> R/(®) —> 0.

The result follows on using again the additivity of the Poincaré series
with respect to M and incorporating a shift in the degree. O

We now need a definition. If I C R is an ideal and ® € R we have
IN(®) =P : &);if now [ : & = I then we say that / and O are
coprime.

Corollary 5.2 Suppose that I and ® are coprime. Then
P(R/(®,1),1) = P(R/1,1) — "¢ ®*P(R/I,1).
Proof. We combine (5.1) with (5.2) and use coprimality. O

Let  C R be a primary ideal and let 3 be its radical. Then there
exists a composition series 8 = Qo D Q1 D---D ;1 D Q of length
[ with ;/9Q;+1 simple for 0 < i <[ — 1. Since the sequence

0 — Qi/Qiy1 —> R/Qiy1 — R/Qi — 0
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is exact and since the Poincaré series is additive we get
P(R/Qi,1) = P(R/Qi+1,1) — P(Qi/Qit1,1)

and, on taking the sum over all i, this gives

-1

POB/Q,0) =Y P(Qi/Qis1,1).

i=0

Now each of the modules Q;/Q;y; is a simple R/B-module and
therefore isomorphic to R/*B. It follows that

P(R/Q,t) =1(Q) P(R/B,1),

where [(£Q) denotes the length of the primary ideal .

5.2 Differential length

The concept of differential length is an essential ingredient of the degree
theory which we shall utilise in the next section and which leads to the
basic result on multiplicity estimates on group varieties. It occurred
first in published form in Wiistholz [263]. The main result (5.4) that
we establish here furnishes a lower bound for the length of a primary
component of a particular polynomial ideal.

We consider the affine algebra K[G] of the algebraic group G intro-
duced at the end of Section 4.3 and we fix a subspace h of the Lie algebra
of G. Let Ay, ..., Ay be any basis for h and let B = (P1,...,P;) bea
prime ideal of K[G]. We denote by J (I3, ) the Jacobian matrix

AP - APy

J(CB.h) = :
ApPy - ApPy

and by o(*B3, b), briefly o(3), its rank modulo J3; we shall call this the
Jacobi rank. The latter is obviously independent of the choice of basis of
b and of the generators P; of 3. For integers ¢ > 0 we further denote by
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Q () thesetof functions t: {1,...,h} — Nsuchthatt(1)+---+1(h) <
t and we put

Ay =ATV AT

Let I be an ideal of R and let I® be the ideal
1D ={QeR, YT eQ@®): A@)Q eI}, (5.3)

where +/T denotes the radical of I. Clearly (I N J)® = 1O N J® for all
ideals I and J in R. Further, if I is a prime ideal 93 then B®) is primary
with 3 as associated prime. Furthermore, if I3 is a prime ideal of R, we
have, for integers ¢t > 0,

5.4)

o(B)

In fact let xq,...,x,, where ¢ = o(*B), be any subset of a set of gen-
erators of ‘I3 such that the corresponding minor of the Jacobian has
determinant not in 3. Then the ideal generated by ") together with the
elements xlt(l)- . x;(g) with 1 < (1) +--- + 7(9) < t has a uniquely
determined isolated primary component ) with associated prime B
which satisfies

B 2O DPD.

By a construction based on classical commutative algebra involving,
in particular, systems of parameters, there exists a composition series
Q=9 D299 D - D Yy DO PP of length I, where [ is
at least equal to the binomial on the right of (5.4); this result forms
a major constituent of Wiistholz [263] (see §3 therein). The desired
inequality now follows on noting that the composition series can be
extended to give one which begins with 3 and therefore has length
at least /.

In the main application to logarithmic forms one has G = G, x GJ,
and 4 = n. We have given a wider discussion, however, since we have in
mind applications to more general groups with different 4. In particular,
this applies to studies on Lindemann’s theorem for abelian varieties as
we shall discuss in Section 6.5.
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5.3 Algebraic degree theory

In this section we shall develop a degree theory on the affine algebra of
the algebraic group G of Section 5.2. Degree theory first entered into
transcendence in the context of algebraic groups through the work of
Masser and Wiistholz [164, 165]. Here the degrees of the relevant poly-
nomials are the same but Masser and Wiistholz [ 166] needed results with
polynomials of different degrees and they were thus led to multidegree
theory. The basic Lemma 5.3, which we quote below, is that of Wiistholz
[262] but we give here a new proof. It utilises Poincaré series rather than
the method of calculating dimensions in the classical manner of Grobner
and van der Waerden.

We consider the ring of regular functions on G, that is the algebra
KI[G]. For integers k with 0 < k < n 4+ 1, we denote by I'(k) C I the
set of functions j: {0,...,n} — {0, 1} with function values j(0), ...,
Jj(n) satisfying j(0) 4 - - - 4 j(n) = k. We now establish the following
fundamental lemma.

Lemma 5.3 Foreachk with1 < k < n+1andforeachj € I'(k) there
exists a non-vanishing function §; from the set of ideals of K[G] into the
set of non-negative integers which has the following properties.

(1) Let I and J be ideals of the same rank. Then I C J implies that
8;(I) = 6;(J). Furthermore we have §;(I NJ) < 6;(I) + §;(J) with
equality if and only if the rank of I + J is strictly greater than the
rank of I and J.

(i) We have, with the notation of Section 5.2,
pOy = . t‘*’Q(m))
§(PB) = 3](‘13)( o) )

(iii) Suppose that the ideal I has rank r and is generated by polynomials
with degrees at most D; in the variables X;. Then, forj € I'(r), we
have

5 < r D) D",

(iv) IfMisamaximalideal in K[G]then §;(IM) = 1ifj(0)+- - -+j(n) =
n+ 1, and §;(9N) = 0 otherwise.
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We note that K[G] is the localisation of the ring of polynomials
K[Xo,...,X,] € K[G] with respect to the multiplicative monoid gen-
erated by the variables X; with 1 < j < n. The maps I + ¢ and
J — J¢ where I° = I K[G] and J¢ = J N K[Xp,...,X,], called the
extension and contraction mappings respectively, define a correspon-
dence between the set of ideals in K[Xj), . . ., X,;] and those in K[G]. For
the basic properties of the extension and contraction mappings adapted
to our special situation we refer to Zariski and Samuel [270, I, Ch. IV,
§10]. If R is the ring of polynomials introduced in Section 5.1 then
K[Xo, - ..,Xy] can be embedded into R by mapping a polynomial P of
degree d € I' to the homogeneous polynomial P (X0, Yo;...: X, 1Y)
defined by Yg(o) . -Y,f(")P(XO/Yo, ..., X, /Y,). We associate with an
ideal J/ € K[Xp, ..., X},] the homogeneous ideal J h C R defined as the
ideal generated by all polynomials Y, O ym™ph with P € J and
m € I'. Conversely, if I € R is a homogeneous ideal then we define
19 to be the ideal in R given by the set of polynomials P¢ of the form
P(Xop, 1;...;X,, 1) with some homogeneous polynomial P. The corre-
spondences I > I" and J +— J¢ are almost inverse to each other; for
details we refer to Zariski and Samuel [270, II, Ch. VII, §5].

Proof of Lemma 5.3. We take for o the Jacobi rank o(’}) introduced
in Section 5.2. The functions §; will be defined using the functions A;
introduced in Section 5.1. For this we have to fix the additive function
A and here we take the function which associates to a vector space its
dimension. Let / C K[G] be an ideal and let  denote the rank of /. In
the case when j(0) + - -- +j(n) # r we take §;(I) = 0. Otherwise we
define §;(1) as Al_j(R/(IC)h) as we may since (/)" is a homogeneous
ideal in R. It remains to verify (i)—(iv).

Since the module R/(J s a quotient of the module R/(/ . the
first statement in (i) follows from the additivity of the Poincaré series
and the definition of §;; the second is a consequence of (5.1). For the
proof of (ii) we apply (5.4) to get the result.

To establish (iii), let ¥ be a set of generators of I and let V C
K[Xo,...,X,] be the vector space generated by X. We construct, for
k =1,...,r, asequence of subspaces Wy C V with dimension k such
that, if [; € K[G] is the ideal generated by Wy, then [ has rank k. We
have Iy = (I, v) for some v # 0 in Wy coprime to I, whence

i1 = (T, v))" 2 (L) + @R = ()" + (v R
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We apply Corollary 5.2 to LA™ and (®) = ((WR)), compare
coefficients and deduce that for j € I"'(k 4+ 1) we have

8 k1) < D 8j-e(I)Be(v)

where the sum is over all ¢ € I'(1) with ¢ < j. Taking k = r we find
recursively that, for e; € I'(1),

§U) < Y S (w1) 8o, (v).

elt-te=j
Now (iii) follows on observing that
0 .
Sey(@1) -+ -8, (wr) < DY D)

and that the latter product with e; + - - - + e, = j is invariant under the
action of the symmetric group in r elements.

Itremains to construct inductively the sequence of ideals /.. Fork = 1
we take any non-zero vy € V and then the space W; = Kuv; has the
desired property. Suppose therefore that Wi _; has been constructed.
Then for each associated prime of Iy of rank £ — 1 there exists some
coprime element in V. Taking an appropriate linear combination we
find an element v in V and not in Wj_; which is coprime to all these
prime ideals. Hence the ideal [; defined by ({x—1,vy) is generated by
Wi = Wi_1 + Koy and its rank is k.

For the proof of (iv) we may assume that M = (Xo, X1 —1,...,X,;,—1)
is the ideal of the neutral element of the group G. Then

MY = (X0, X1 = Y1,.... Xy — Y2)

and R/(E))?")h = K[Yo, Y1,...,Y,]isapolynomial ring in n+1 variables.
Recalling the notation of Section 5.1, it is now obvious that the Poincaré
series P(R/(9N€)", 1) is (1—120)~1 ... (1—¢»)~! and this gives (iv). O

5.4 Calculation of the Jacobi rank

In Section 5.2 we introduced the Jacobi rank ¢ and we gave a lower
bound involving o for the length of a certain ideal. We need now to give
a precise value for ¢ and we employ in the calculation the concept of the
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stabiliser of a subvariety of an algebraic group; this reduces the question
to the particular case when the ideal belongs to an algebraic subgroup.

Let again G be the algebraic group of Section 5.2. For any subset A
of G, the stabiliser of A is defined as the set

Ga=1{ge€G; g+ACA}

and it is an algebraic subgroup of G. Further, for an ideal / in the algebra
K[G] of Section 5.3 we denote by V (/) the variety associated with I and
we put G; = Gy(). Now writing W = V(I) and V = V(P), where P
is a prime component of / with the same rank as /, we call

Gvw=1{ge€G; g+V W}

the transporter of V into W and we observe that it is an algebraic
subvariety satisfying Gy € Gy w.

Proposition 5.4 Gy w is a finite union of cosets of Gy.

Proof. Let Vq, ..., Vy be the irreducible components of W of rank r
and let V = V;. Then obviously

N
Gvw =|JGvy,.
j=1

Now if g,¢" € Gy v; then we have g +V C V;and g’ +V C V;. Hence
g+V =V;=g'+V;s0g—g'+V = V and therefore g —g’ € Gy.Thus
Gv,y; = g + Gy for some g € Gy y; and this completes the proof. O

We recall that in Section 4.4 we defined the translation operator T, for
any g € G and the associated comorphism T; of T. With this notation
we prove the following proposition.

Proposition 5.5 For any ideal I and associated prime component P
with the rank same as that of I, there exist elements vy, ..., vy € V
such that the ideal

J = (vall, e vaNI)
satisfies V(J) = Gy.w, where W = V() and V = V(P).
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Proof. Since Gy w +V € W we have

Gy.w C ﬂ(W—U)-

veV

On the other hand, if x is an element of the intersection on the right we
have x + v € W for all v € V, whence x + V C W. This means that
x € Gy w. Since the Zariski topology is Noetherian, it follows that, for
some vi,...,vNy €V,

N
Gy =W —v) =W - ).
j=1

veV

It is now clear that the ideal J defined in the proposition has the desired
properties. O

In the sequel, to simplify notation, we shall extend the functions §
and o to Zariski-closed algebraic subsets V of G by putting §;(V) =
8;(Z(V)) and o(V) = o(Z(V)); here Z(V) is the ideal of elements of
K[G] vanishing on V. Then §;(V) = O unless j(0) +- - - +j(n) is equal to
the codimension of V. We note that, in this situation, if G = G, x G}, then
the polynomial xas, 4m)(y) introduced in Section 5.1 can be rewritten as

D8y,

where the sum is taken over all i, j withi+j = 1 andj(0)+- - - +j(n) =
dM).
We have seen in Section 4.4 that the Lie algebra of G is

3 5 3
Lie G = K— + KX] —— + - - - 4+ KX, — .
e oxo T gy, T TR

We now denote by h some subspace of dimension n of the Lie algebra
of G and fix a basis Ay, ..., A,—1 for . Then with the Jacobi rank o
defined with respect to this subspace we prove the following.

Lemma 5.6 Let H C G be a connected algebraic subgroup of G. Then

o(H) = dim(h/(h N Lie H)).
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Further, if o(H) < dim(G/H) then LieH C b and o(H) =
dim(h/ Lie H).

Proof. Let x1,..., x, be a basis for the multiplicative character group
X(T) of T = G}, as indicated in the proof of Lemma 4.4. Further, let
Xo be a generator for the additive character group Hom(G,, G,) so that
we can identify X; with x; for i = 0,...,n. The subgroup H can be
expressed as H, x H,, where H,, is a subtorus of 7 and H, = G, or
H,=0.

We distinguish two cases. In the first case we have H, = G, and then
the ideal / (H) has a basis B of the form x — 1 for x € X (7). Further, the
embedding Lie H C Lie G is defined by the equations /, = 0 for x an
element in the basis and with [, € g* where g = Lie G (see Section 4.5).
Since A(x — 1) = Ax =1, (A) - x for A € {Ag,...,A,—1} we have
JUH), b)) = (Ax)y,a = (,(A))y,an o U where x runs through the
elements of B, A runs through the elements Ag,...,A,—; and U is
diagonal with x € B as diagonal elements. This gives

o(H) =rank(l, (A))yeB, Ac{Ag,....Ap_1) -

The latter is equal to the dimension of the image of b under the linear
map L = (...,ly,...)yep from f to Krt1=dimH  Gince the image of L
is isomorphic to h/ ker L = h/(h N Lie H), the required value for o (H)
follows. In the second case we have H, = 0. Then one of the basis
elements for the ideal of H can be taken as y = xo and xg has to be
replaced by 1 in the matrix U. We find that

Q(H) =1 +rank(l)( (A))XEB;X#X(), Ae{A1,...,Ap—1}
and the latter is again equal to dim(h/(f N Lie H)). This completes the

proof of the first part.
For the proof of the second part we note that

h/(hNLieH) = (h+ LieH)/Lie H .

Now, if o(H) < dim(G/H) we have h + Lie H # g and this gives
LieH C hand o(H) = dim(h/ Lie H). O
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5.5 The Wiistholz theory

We shall now prove the main theorem on multiplicity estimates that
we need in the application to the theory of logarithmic forms. It is a
modified version of the basic result of Wiistholz [262]. The latter is now
an essential tool in transcendence theory and it is discussed and utilised
widely in the literature; see e.g. [253].

We denote by K an algebraically closed field of characteristic 0 and
by R the polynomial ring over K in the variables X, . .., X,,. Points in
G(K), where G = G, x G}, is the group of Section 4.3, may be identified
with the functions & from {0, . . ., n} to K with function values £(j) € K*
for I < j < n. For any such § we denote by A¢ the endomorphism of
R of the shape Xy — Xp + §(0) and X; — &(j)X; that fixes K; note
that this operator is not differential but it is one induced by a translation
operator (see Section 5.4). Further, we denote by ¢ € G(K) the neutral
element given by £€(0) = 0 and ¢(j) = 1 forj > 0.

Let S > Oand T > O be integers. We introduce integers S; > --- >
Sp+1 > 0 and integers 71 > - -+ > T, 41 > 0 such that

Si+-+ S =S i+ +Th1 =T.

Further, we introduce numbers Dy > 0, ..., D, > 0 and we suppose
that the D; are not all 0. For each integer k with 1 < k < n+ 1 and each
function j € I'(k), where I" (k) is defined in Section 5.3, we assume that

Tk +k — Sp nt1
k — 5k,n+1

(S + 1)( ) > k'O ..pJ™. (55)
here §;; is the Kronecker §-function. Then, recalling the notation of
Lemmas 5.3 and 5.6, we prove the following.

Theorem 5.7 Suppose that P(Xo, X1, . ..,Xpn) is a polynomial in R, not
identically zero, with

degXl,PSDi 0O<i<n).

Suppose further that for any non-negative integers t(0), ..., t(n — 1)
satisfying t(0) + --- +t(n — 1) < T and any integer s with0 < s < §
we have
0 1 -1
ASALO A AN D p(e) = 0, (5.6)

n—1
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where a = (1,aq,...,a,) € G(K). Then there exists a connected alge-
braic subgroup H of G with codimension r with 1 < r < n such that
one of the following holds.

(i) LieH C hand, forallj € I'(r), we have

T, +r—1

(s,+1)< . )sj(H)gr!D({(O)D{(”---D,{(”). (5.7)

(i1) For some integer s with 0 < s < S, we have sa an element of H (K)
and (5.7) holds for all j € U'(r) with S, + 1 replaced by s and r — 1
replaced by o(H).

The theorem is designed to deal with the theory of logarithmic forms
as introduced in Section 2.4. It is particularly related to the latter part
of the analysis; the earlier part rests on the construction of an auxiliary
function and the latter part is sometimes referred to as the deconstruction
theory. In this context the subspace b is generated by

9
X0’

a 0
Ao = Aj = BuXj—~ — BiXn

9%, ox, I=<j<n),
where f1, ..., B, are elements of K not all zero. In particular we have
Lie G, C h and thus H = G, x H,,. We may assume that the subgroup
H in Theorem 5.7 has maximal dimension and we distinguish the cases
() and (i1). When (ii) holds we have sa € H and if the «; are not all
roots of unity this implies that dim H,, > 0. The group H,, is defined
by equations, holding for «, of the form x! — 1 = 0 (see the proof of
Lemma 4.4). This leads to multiplicative dependence relations for the
a; as described in Section 2.4. In order to deal with (i) the parameters 7,
S, Dy, ..., D, are chosen so that the conclusion (5.7) gives dim H,,, > 0.
Since Lie H,, € b one sees that G can be replaced by G/H,, and one
can then apply an inductive procedure.

The whole subject of multiplicity estimates has been created as an
alternative approach to the argument involving generalised van der
Monde determinants (see Lemma 2.10) which becomes difficult to han-
dle in more far-reaching situations than the one described in Chapter 2.
Applications of Theorem 5.7 following the above outline will be dis-
cussed in detail in Chapter 6. We remark that the most troublesome
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factor here is r! that appears on the right-hand side of (5.7) and arises
as a consequence of the multihomogeneous degree theory; we have no
heuristic explanation as to why this factor should occur and indeed it
would seem that it should not be present if one counts conditions as usual
in transcendence theory and one believes in the philosophy of Dyson type
lemmas. The elucidation of this phenomenon would be of much interest.

Proof of Theorem 5.7. We begin by defining, for k = 1,...,n + 1,
parameters

k—1 k—1
sO=5-3"s, TO=1->"1].
j=1 j=1

Let now P be the polynomial of Theorem 5.7. We define I; (P) as the
ideal in R generated by the polynomials A} A(7)P where s runs through
all integers with0 < s < § — S® and 7(0),...,7(n — 1) run through
all non-negative integers with 7(0) 4+ ---+t(n — 1) < T — T®: here
we have written, for brevity,

A) = A ATED,

n—1

By (5.3) and (5.5), we have then

P S () M) ™, (5:8)

0<s<S®

where M (sa) is the maximal ideal of s in R, that is the set of elements
of 'R which vanish at so; in fact, A(7)P vanishes at s if and only if
A3, A(T)P vanishes at ¢ and we then appeal to (5.6).

We show first that if rank 7, 1 (P) = n + 1 then the hypothesis (5.5)
with k = n+ 1 given at the beginning is false. Indeed, all ideals /,,+1 (P)
and M (sa) are then of rank n 4+ 1 whence we can apply (i) of Lemma
5.3 with I = I,,41(P) and J as the intersection on the right of (5.8)
with k = n + 1. Then, using (ii) of Lemma 5.3 with 8 = 9 (s) and
PO = M(sa) T and the fact that o(M(sa)) = n, we get from (5.8)

S/
T +n
8;(Ly1(P)) > ;aj(m(m))( i )
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where, for simplicity, we have written §' = S"'*D 77 = 7+ Now,
by (iv) of Lemma 5.3, we have 6; (M (sa)) > 0ifj(0)+- - -+j(n) = n+1
and hence

T +n
8i(ny1(P)) = (8" + 1)( . ) (5.9)
On the other hand, by (iii) of Lemma 5.3, we have

§jlnq1(P)) = (n+ D!'Do---Dy. (5.10)

From our original inequalities involving S and T we see that " > S,
and T” > T,+1 whence, by (5.9) and (5.10), we conclude that

T +n T, 1+n
(n+1>!Do---Dnz(s/+1)( ! )z(sn+1+1>( " )

and this contradicts (5.5) with k = n + 1 as asserted.

We now consider the set of integers k with 1 < k < n + 1 such that
rank I (P) > k. The set trivially contains k = 1 since I1(P) = (P).
Further, from the argument above the set does not contain k = n + 1.
Hence there is a largest integer k < n with this property. Then k 4+ 1 >
rank [ 1 (P) > rank I} (P) > k whence

rank [ (P) = k = rank Iy (P).

This means that there exists some isolated associated prime P of I; (P)
of rank k which is also an isolated associated prime of /41 (P). Thus,
since T**tD > 0 and P D Ir11(P), it follows that for 0 < s < S} and
fort(0)+---+t(n—1) < T, we have

AL AT (P) € B. (5.11)

As in Section 5.4 we put V.= V(E) and W = V(I;). Then, by
Propositions 5.4 and 5.5, the ideal of Gy w contains

J = Ay k(P), ..., Aoy Ik (P))

and J has rank X’ = cod Gy . Furthermore we have k = cod V whence
k" > k. From (5.11) we deduce that, for the above ranges of s and t,
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we have
ALA(T) C (A B, ..., AP

and, since v; € V andso vj+Gy C V, the ideal on the right is contained
in the ideal I of the connected component G(‘), of the neutral element of
the stabilizer Gy of V. This gives

7<) @L,n", (5.12)

0<s<Si

where the bracket notation for the superscript 7 is explained in
Section 5.2. It will be observed here that A* I is prime and the radical
of (A%, 1)TW).

We now distinguish two cases according as the inequality

AS £ AT

does or does not hold for all s, s’ with 0 < s < ' < S. In the first case
we have

rank (A* I + A* I) > rank

and, since Sy > Sy and Ty > Ty, we get by (i)—(iii) of Lemma 5.3

Ty !
k +Q), (5.13)

8() = &) (S + 1>( o

where j € I'(k') and o’ = Q(G(‘)/); note that the latter is equal to o(Gy)
since the differential operators are translation invariant. On the other
hand, by (iii) of Lemma 5.3 together with (5.5) we see that

T + k" — 8k’,)1+1

k _Sk/,n—i-l

). (5.14)

It is easily verified, by the construction of §; in the proof of
Lemma 5.3, that we have §;(I) #0 for some j whence the inequali-
ties (5.13) and (5.14) cannot both hold unless k" <n and o(I) < k’. By
Lemma 5.6 this gives 0(Gy) =k’ — 1 and hence Lie Gy C . Then, from
(5.13) and (5.14) again, we obtain (i) of Theorem 5.7 with H = G(‘)/
and r = k’.
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In the second case we have A [ = AY oI for some s, 5" in the range
0 <s <s < S Again we take H = GY and r = k’ and we obtain
(s" — s)a € H(K). If we choose s, s’ with s — s minimal we get

k/!D{)(O)' ..Dil(n) > 8j(]) > (S/ —S)(Tk, te )8]'(1)

Ql

and (ii) of Theorem 5.7 follows with s’ — s in place of s. O

5.6 Algebraic subgroups of the torus

In Section 4.6 we saw that algebraic subgroups of a torus are in bijective
correspondence with subgroups of the character group of the torus. Thus
we transferred the study of the algebraic subgroups to the simpler and
more efficient study of submodules of the character group and, since the
latter can be identified with the lattice Z"*, we were able to utilise tools
from the Geometry of Numbers. In this way, in Section 4.7 we gave
estimates for the size of a basis for a submodule in terms of its weighted
volume which depended only on the determinants attaching to the basis.
We shall show in this section that the determinants can be replaced
by the degrees of the algebraic subgroup as introduced in Lemma 5.3
so that the estimates can be expressed in terms only of these degrees.
Since, by the bijective correspondence, a basis for the submodule gives
immediately a basis for the ideal defining the subgroup, this furnishes
an effective determination in terms of the degrees for the basis of the
ideal. In computational algebraic geometry the only other way currently
known to obtain estimates of this kind is the theory of Grobner bases,
but one would not get an estimate with a quality that is comparable to
ours. We mention that, though the details have yet to be worked out,
the method clearly applies not only to tori but also more generally to
semi-abelian varieties.

To state the main result, let / be the set {1,...,n},let 7 = GJ, asin
Section 4.6 and let S be an algebraic subgroup of 7. We denote by M
the subgroup of elements [ € Z as in the proof of Lemma 4.4 for which
x! =1 =0o0nS. Then M is a free abelian subgroup and its rank is
equal to the codimension of the subtorus S. Let my, ..., m, be a basis
for M and let J be a subset of /. The set my, ..., m, together with the
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set,forv € I~.J, of all &, generate a free subgroup M of Z!. We define
wy(S) to be the index [Z! : M;] of My in Z! if |J| = r and if the rank
of M is equal to n; we define it to be 0 in all other cases. The integer
wy (S) depends only on S and J and it is independent of the choice of
the basis for M. We also see that w; (S) is equal to the absolute value
of the determinant of the » x r minor M;, . ; corresponding to the set
J ={j1,...,jr} introduced in Section 4.7.

Now let H be an algebraic subgroup of G whence by Proposition
4.3 there is a decomposition H = H, x H,, with H, C G, and with
H,, € 7. Further let d;, for j € I'(k), be the functions given in Lemma
5.3 and denote by J the set of v € [ for which j(v) = 1. We define
wj(H) = uy(Hy) for k = codim H and pj(H) = 0 for k # codim H.
Then the following holds.

.....

Theorem 5.8 We have u;j(H) < §;(H).

Proof. We deal first with the case when H is a finite subgroup. Then
wj(H) =Ounlessj = 1.1f j = 1, Lemma 5.3 together with (5.1) shows
that §; (H) is equal to the dimension of the vector space K[G]/Z (H ) over
K. The restrictions, for/ in Z!, of X ! _1 to H contain a basis for this vector
space and it follows that its dimension is given by [Z! : M (H,)] =
g (Hy). Since wy(Hy,,) = w1 (H) we see that §1(H) = w1 (H) and this
proves the theorem for finite H.

The general case is proved by induction on the dimension of H. Let the
dimension be / and assume that the lemma is established for subgroups
with dimension less than 4. There are two cases to consider: either H =
0 x Hy or H = G, x Hy,. In the first case we have j(0) = 1 and we
write j/ = j + &, for some v > 1 such that the ideals (x, — 1) and
Z(H,,) are coprime. They generate the ideal of some subtorus H,, < H,,
of dimension 4 — 1 and we deduce from Corollary 5.2 that

8j1(0 x H,,) < 8;(0 X Hy)Se, ((xv — 1)) = 8;(0 x Hpy).

This inequality is obtained in the same way as indicated in the proof of
(iii) of Lemma 5.3 by comparing coefficients in the Poincaré series. The
inductive assumption now gives 8;(0 x H,) > (0 x H, ) and the
latter is equal to 1;(0 x Hy,). In the second case we have j(0) = 0 and
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we see as above that
8j+80(0 X Hm) = Sj(Ga X Hm)ae?o (0 x T) = Sj(Ga X Hy) .

From the definition of u; we deduce that ¢, (0 x Hy) = uj(Gg x Hy)
for all j with j(0) = 0 and this completes the proof. O

Finally we discuss the connection with logarithmic forms. We recall
that in Section 4.7 we introduced the weighted volume vol, (M) of a
lattice M and in Lemma 4.7 we established the existence of a basis
for M such that the product of the norms of the basis elements with
respect to a weighted distance function G, are bounded above in terms
of voly (M). In view of Theorem 5.8, the result can now be applied to
the lattice M = M (H,;,) consisting of all functions / for which XI —1
vanishes on H,,. This shows that vol, (M (H,,)) can be estimated in terms
of the quantities §;(H ) and Theorem 5.7 gives upper bounds for the latter
which depend only on the degree of the polynomial P. In the context of
the theory of logarithmic forms, the argument is used in the inductive
procedure that is referred to in Section 5.5 and which is discussed more
fully in Chapter 7.
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The analytic subgroup theorem

6.1 Introduction

In this chapter we give a detailed exposition of the analytic subgroup
theorem which is one of the most significant results in modern tran-
scendence theory. A basic tool in the proof is the theory of multiplicity
estimates on group varieties and in the preceding chapter we gave in full
detail the simplest version of the theory. The latter is in fact sufficient to
establish the results on logarithmic forms to be discussed in Section 7.2.
There the underlying algebraic group is of the type G, x 7 where 7
is a split torus of the form 7 = G}, for some integer n. If one wishes
to deal with a general commutative group variety one has to expand
considerably the results on multiplicity estimates we have obtained so
far. This will be presented in a general context in Section 6.7 and we
shall postpone further discussions until then.

We begin our exposition by recalling some of the basic facts about
group varieties over a field K of characteristic zero. A group variety is
a quasi-projective variety G together with morphisms +: G x G —
G (addition) and —: G — G (inverse) and a neutral element which
satisfy the usual group axioms. Since G is a quasi-projective variety
there exists a projective space PV such that G is a Zariski open subset
of the set of zeros G of a finite collection of homogeneous polynomials
in the variables Xy, . .., Xy . The variety G is called the Zariski closure
of G. Further, G being Zariski open in G means that the complement
of G in G is itself the set of zeros of another finite set of homogeneous
polynomials.

109
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We may choose the projective space P" in such a way that the
morphism +: G x G — G is given by a finite collection of sets
of bihomogeneous polynomials Py, ..., Py in the homogeneous vari-
ables Xp, ..., Xy and Yy, ..., Yn. This collection has the property that
if g, h are points on G with homogeneous coordinates (go, .. ., gn) and
(ho, ...,hy) then there is a set Py, ..., Py in the collection such that
the homogeneous coordinates of g + A are given by the polynomials
evaluated at the point (g, i). In other words

(Po(g()’""gN;h()"-~’hN)$"-’PN(gO"-'9gN;hO""7hN))

are homogeneous coordinates of g 4 4. We say that such a set of polyno-
mials Py, . . ., Py defines an addition formula for g + 4 so that, since G is
quasi-projective over a field, addition on G is given by a finite collection
of such addition formulae. Two addition formulae agree at a point (g, #)
whenever they are both defined. The inverse morphism —: G — G can
be described by formulae in a similar way.

We have already met examples of group varieties in Chapter 4. There
we studied in detail the group varieties G, and G,, which are both con-
tained in the projective space P!. Their Zariski closure is the whole
space P!. The complement of G, and G,, in P! is given by the equations
Xo = 0 and Xp - X7 = O respectively; taking products gives further
examples. Finite products of the additive group are called vector groups
and finite products of the multiplicative groups are called tori. Other
examples are elliptic curves and, more generally, abelian varieties; they
can be given explicitly as the sets of zeros of a finite number of homoge-
neous polynomials. Their theory was studied in the nineteenth century
by Weierstrass, Riemann and others and, in particular, addition formulae
were known at that time. However, only in the past decade have com-
plete sets of addition formulae been constructed explicitly. This goes
back to the work of Igusa and Mumford and we refer to Section 6.9 for
further details.

The commutative group varieties that have been introduced so far
form the building blocks of a general commutative group variety. We
know from a classical result of Rosenlicht that an arbitrary commutative
group variety G is an extension of an abelian variety A by a linear
algebraic group L which is a product of a vector group V and a torus 7 .
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We obtain therefore an exact sequence
0—VXx7T —>G—A—0

of commutative algebraic groups. Here the arrows are morphisms
which have a description by homogeneous polynomials similar to the
morphisms appearing in the definition of a group variety.

The Lie algebra of a group variety is defined as the set of translation
invariant vector fields on this variety. In Chapter 4 we determined the
Lie algebra in the cases when the group variety is additive and mul-
tiplicative. It can also be determined explicitly for abelian varieties;
however, this becomes more difficult since the addition formulae are
more complicated and addition cannot be described by just one for-
mula. Fortunately there is no need for us to discuss the definition further
here since the only significant property of the Lie algebra that we shall
use is that it is a vector space over the field of definition of the group
variety.

The set of complex points G(C) on a group variety G for a given
embedding of K into C has the structure of a complex manifold. Further,
on noting that the addition and inverse maps are, in this case, holomor-
phic, it follows that we can regard the group variety as a complex Lie
group. The Lie algebra of the latter is defined analogously to the Lie
algebra of a group variety and again we do not discuss this further since
we shall need only the property that it is a finite dimensional complex
vector space. If we denote by g the Lie algebra of the group variety G
then the Lie algebra of the complex Lie group associated with G is the
complex vector space g ® C; the tensor product here is taken over the
field of definition of the group G. Both the Lie group and its Lie algebra
are related by the exponential map exp;: g ® C — G(C). This is a
holomorphic homomorphism from the Lie algebra into the group and is
defined using one-parameter subgroups. Namely, given any element £ in
the Lie algebra there exists by the theory of linear differential equations
a unique homomorphism

pe: C— G(C)

such that its differential has the property that it maps the vector field dt
to &. The exponential map is then the unique map taking the vector field
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& to @ (1). It is established as a fundamental result of Lie group theory
that this leads to an analytic homomorphism expg.

As before, let Xp, . . ., Xy be projective coordinates for the projective
space containing the group variety G. Then the holomorphic functions

fi = exp5(Xi) = X; o expg

can be determined explicitly; this is described in full detail in [92].
Particular examples of these f; are the linear function z when G = G,
the exponential function e¢* when G = G, and the theta-functions when
G is an abelian variety. In general the f; are built up from these functions
and, as a consequence, the order of growth is at most 2. This makes it
clear that one can study transcendence properties of their values and in
fact many questions of this type have been considered in the past. We
mention only the transcendence of e and 7, of & and the well-known
discoveries of Siegel [229] and Schneider [213] on the periods of elliptic
integrals of the first and second kind. All these results can be deduced
from the analytic subgroup theorem which we now discuss.

Let G be a commutative algebraic group defined over a number field
K with Lie algebra g. Further, let b be a subalgebra of g and put B =
expg (b ®k C). Then B is a Lie subgroup of G(C) but not necessarily
closed. We call B an analytic subgroup of G. Since b is a vector space
over K we say that the analytic subgroup B is defined over K. We want
to determine the group of algebraic points

B(K) = BN G(K)

on B. One observes at once that this group is non-trivial provided that
there exists a non-trivial algebraic subgroup H of G defined over a
number field such that H (C) C B. In fact we have then

H(K) € B(K) and H(K) #0.

The following gives the converse statement.

Theorem 6.1 (Analytic subgroup theorem) Let B C G(C) be an ana-
Iytic subgroup of G(C) defined over K. Then B(K) # 0 if and only if
there exists a non-trivial algebraic subgroup H < G defined over a
number field such that H(C) C B.
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As already indicated, it is the ‘only if” implication here that is non-
trivial. The analytic subgroup theorem is the most natural generalisation
in terms of algebraic groups of the qualitative version of Baker’s theorem
on linear forms in logarithms; we shall give a detailed outline of the
proof in Section 6.8 where, as we shall see, a major role is played by
multiplicity estimates on group varieties. Incidentally, the first published
reference to algebraic groups in the context of transcendence theory
seems to be due to Lang [134]; he himself attributes the original thought
to a problem of Cartier concerning the Lindemann theorem and he gives
a discussion of the latter and also the Gelfond—Schneider theorem in
terms of group varieties.

We shall now discuss some of the most important consequences of
Theorem 6.1. To begin with, the classical results on the transcendence
of special values of the ordinary exponential function due to Hermite,
Lindemann, Gelfond and Schneider are, as mentioned above, all con-
tained in the theorem. For example we know from Lindemann that if
« is any non-zero complex number then not both of @ and e¢* can be
algebraic. This can be deduced from the analytic subgroup theorem as
follows. Assume the contrary, namely that both « and ¢* are algebraic,
and consider the algebraic group G = G, x G, which is clearly defined
over the rational numbers. From Section 4.4 we see that its Lie algebra
is given up to isomorphism by

g=0QxQ

and if we denote as usual by C* the multiplicative group of complex
numbers we have

G(C)=CxC*.

The exponential map exp; is given by
expg: CxC— CxC* (z,w) —> (z,€")

and clearly C x C = g ®g C. Let A € C x C be the diagonal
and let B = expg(A) be the associated analytic subgroup. Then B
is connected and has dimension 1. Further, one has (o,a) € A and
(a,e%) = expg(a,a) € B(Q); since (a,e*) # (0, 1), this means that
B(Q) is non-trivial. Hence there exists a proper algebraic subgroup H
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of G such that H(C) C B. The Lie group H(C) is non-trivial whence
it has dimension at least 1 and, since it is a subgroup of B, it must have
dimension at most 1. It follows that H (C) = B, in other words B is an
algebraic subgroup. Since B is the graph of the exponential function e*
this implies that e? is an algebraic function which is evidently not the
case. Therefore not both of « and ¢* can be algebraic. From this one
deduces the transcendence of ¢ and 7 as well as that of e* for algebraic
o #0.

We now show how the analytic subgroup theorem implies the quali-
tative version of Baker’s theorem on logarithmic forms. Accordingly let
o1,...,0, be algebraic numbers, notOor 1, and let L = L(zy,...,2,) #
0 be a linear form in the variables zi,...,z, with coefficients in an
algebraic number field K which we assume contains «y, . . ., «,. Then if

L(logay,...,loga,) =0

Baker’s theorem tells us that there exists a linear form M (zy,...,2,) # 0
with integer coefficients such that

M (logay,...,loga,) =0.

Let now G be the algebraic torus G/}, with character group X (G) and
let g be its Lie algebra which is clearly equal to Q™ up to isomorphism.
Further, let exp; be the exponential map

(@,...,20) € C" > (exp(z1), . ..,exp(zy)) € (C*)"

and note that C" = g ®q C. Then the equation L = 0 defines a subspace
b of g ®g K and thus also an analytic subgroup B = expg(b ®x C) of
G(C) = (C*)". Since the vector u = (log«y,...,loga,) isin b @k C
and exp(u) = (@1,...,q,) is in B(K) and not equal to (1,...,1), it
follows that there exists a non-trivial connected algebraic subgroup H
of G with Lie algebral) € b such that H(C) € B. Now the subgroup H of
G = G/ isasubtorus of codimension 4 < n and therefore by Lemma 4.4

there exist linear forms Ly, ...,Ly, in zy, ..., z, with integer coefficients
such that f is given by L = - - - = L;, = 0. Since b is contained in b we
find that L is in the vector space generated by Ly, ..., L, over K. This
means that

L= gL+ + Bpln
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with B1,..., B, € K. If we replace a1, ..., a, by &, ..., a; where
@ = exp (Li(logai, ..., logay))
then the new linear form
L'=piz) + -+ Bz,

has the same properties with respect to e}, ..., a; as L has with respect
to oy, ..., a,. By induction, after at most n — 1 steps, we obtain a non-
zero linear form L” = Bz and an algebraic number o’ = ozllq b in

the multiplicative subgroup of K* generated by «y, . .., «,. It satisfies
L’(loga”) =0
and hence log @” = 0; this can be rewritten as
kilogay + -+ kyloga, =0

for integers ki,...,k, not all zero and this is the dependence relation
over the integers that we were seeking.

All the classical results on periods of elliptic functions are contained as
special cases of the analytic subgroup theorem. As an example we deduce
the transcendence of the non-zero periods of the Weierstrass gp-function
obtained by Siegel in the case when there is complex multiplication and
by Schneider in the general case. We consider the gp-function associ-
ated with a lattice A in C. Let w; and w, be generators for A with
Im(w>/w1) > 0 sothat A = Zw; + Zw;. Let

1
= o7(A) = — —4 - -
g2 = g2(A) 602 o, g3=g3(A) 1402 W

be the standard Eisenstein series where the sums are over all non-zero
elements w € A. We assume that g> and g3 are contained in an algebraic
number field K. Let o (z) = g (z, A) be the Weierstrass elliptic function

given by
1
B = + Z ((Z—a))2 E)

0#£weA
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This is periodic with periods @ € A and it satisfies an algebraic
differential equation

' @) =4(p ()’ — 820 (2) — &3

Thus, since

& — 2783 #0,
it follows that the functions g (z), &’(z) parametrize the elliptic curve E
defined over K given by

¥ =4 — gox — g3.

Itis well known that E is a commutative algebraic group of dimension 1.
This follows either from the geometric secant construction or from the
addition law for the Weierstrass gp-function. The complex Lie algebra
for E is canonically isomorphic to C and the exponential map expy is
given by

expg: C — E(C) CPXC), z+ [p),9 (), 1].

We can now apply the analytic subgroup theorem to prove that any
non-zero period w is transcendental. In fact let G = G, x E so that
G(C) = C x E(C). The Lie algebra of the complex Lie group G(C)
is given by C x C. Again we take A as the diagonal in C x C which
defines an analytic subgroup B of G(C) of dimension 1. If we assume
that w is algebraic, non-zero and contained in K we find that, on writing
y = %w, the point

expg (v, ) = (v, [p (). ' (). 11)

isin B(K). Itis known that g (y) is aroot of the polynomial 4x> — grx—g3
whence ’(y) = 0 and so all the coordinates on the right-hand side are
algebraic numbers. The hypothesis of the analytic subgroup theorem is
therefore fulfilled and we obtain a non-trivial algebraic subgroup H of
G such that H(C) C B. Again we conclude that H(C) = B so that B
is algebraic. Hence, as in the first example, it follows that the function
¢ (z) is algebraic. This is a contradiction since g (z) has infinitely many
poles and so we conclude that w is transcendental.



6.2 New applications 117

6.2 New applications

In this section we apply the analytic subgroup theorem to obtain some
new results which were not accessible by classical methods in their full
generality. The first application deals with elliptic analogues of Baker’s
theorem in qualitative form which, as we recall, states that if «q, ..., o,
are non-zero algebraic numbers then their logarithms log «1, . . ., log o,
are linearly independent over the field of algebraic numbers if and only
if they are linearly independent over the field of rational numbers.

Some initial steps towards the derivation of elliptic analogues were
taken by Baker [20]; here it was shown that the basic analytic tech-
niques could be extended from the classical exponential function to the
Weierstrass functions and it was proved that any non-zero expression
aw + Bw; is transcendental, where «, B are algebraic and w1, w; are
periods of two elliptic curves, possibly identical, defined over the alge-
braic numbers. The subject was substantially developed by Masser in
his tract [162]; he proved the analogue of Baker’s theorem for elliptic
logarithms defined with respect to an elliptic curve with complex mul-
tiplication. The theory of multiplicity estimates was not yet available at
the time but the hypothesis of complex multiplication made it possible to
utilise ad hoc arguments. The work was complemented by Bertrand and
Masser [40]; they obtained the desired result for elliptic curves with no
complex multiplication whence it follows that the analogue of Baker’s
theorem holds in general.

We begin by establishing the latter result directly from the analytic
subgroup theorem. We fix a number field K and an elliptic curve E
defined over K. This is an algebraic group of dimension 1 and we denote
by e its Lie algebra. The complex points on the elliptic curve form
a complex Lie group E(C) with complex Lie algebra ec = ¢ ®k C.
The exponential map expg was described in the previous section; its
non-trivial components are the Weierstrass g-function together with
its first derivative. We let now yy,..., ¥, be elements of ec such that
expg(y;) is contained in E(K) forj =1,...,n (thus yi,...,y, can be
interpreted as elliptic logarithms). Further, we denote by End(E) the ring
of endomorphisms of £ and we put Ky = End(£) ® Q. Then it is known,
and in fact easy to prove, that K is either the field Q or an imaginary
quadratic extension of QQ; in the latter case we say that the elliptic curve
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has complex multiplication. The field Kq has a representation on the Lie
algebra ec by scalar multiplication in a natural way.

Theorem 6.2 The elements y1,...,y, of ec are linearly independent
over the field of algebraic numbers Q if and only if they are linearly
independent over the field K.

Proof. This follows on similar lines to the deduction of Baker’s theorem
from Theorem 6.1. First we may assume without loss of generality that
the vector y = (y1, ..., ¥,) isnot zero, for otherwise the theorem follows
trivially. Suppose now that the numbers in question are linearly depen-
dent over the field K. This means that there exists a non-zero linear form
L = L(zy,...,z,) with coefficients in K such that L(y1,...,vn) = 0.
The linear form defines as usual an analytic subgroup B of the algebraic
group G = E" which contains non-trivial algebraic points, namely all
points of the form expg(ry) for r € Q.

Let now H be the largest algebraic subgroup H of G such that the Lie
algebra h of H is contained in the Lie algebra b of B. We shall apply
the analytic subgroup theorem with G replaced by G/H and b by b/b.
We take y as the image of y in b/h. Clearly the image of 3 under the
exponential map of G/H is contained in (B/H )(Q) where B/H signifies
the analytic subgroup of G/H determined by b/f. The subgroup H was
chosen in such a way that no non-trivial algebraic subgroup H of G/H
has the property that H(C) € B/H. Thus, according to the analytic
subgroup theorem, we have ¥ = 0 whence y € .

The algebraic group H corresponds to an element 7 of the algebra
of endomorphisms End(G) ® Q of G given by the projection from G
to H € G. The algebra of endomorphisms End(G) ® Q is represented
on the Lie algebra of G by the matrix algebra M,,(KKo) and this means
that the endomorphism id —m can be written as an n X n matrix g with
entries in Kg. Since y is contained in the Lie algebra b of H, the element
y is in the kernel of the endomorphism of g given by the matrix 8. In
other words we have found a set of dependence relations

yof =0.

At least one column of the matrix S is non-zero since H is a proper
subgroup of G. We have therefore exhibited a non-trivial dependence
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relation over Ko among the elements yi,...,y,. This proves the
theorem. O

The proof given here can easily be extended to cover the case of
not just one elliptic curve but more generally a product of the form
G = E; x --- x E,. We first group together the pairwise isogenous
factors and then notice that the ring of endomorphisms is a product of
matrix rings over fields of the form Ko; apart from this the demonstration
follows along exactly the same lines.

Our next application concerns the Weierstrass ¢ -function ¢ (z) which,
we recall, satisfies ¢/(z) = — (z). Here g (z) denotes the Weierstrass
g-function and we assume that the corresponding elliptic curve E is
defined over a number field K. The first transcendence results in this
context were obtained by Schneider [211, II]; he proved that if w is a
primitive period of ¢ (z) and 7 is the corresponding quasi-period of the
associated ¢-function, so that g(%a)) = %n, then any non-vanishing lin-
ear combination of w and n over QQ is transcendental. Baker [ 18] studied
the case of two possibly distinct g-functions as above and succeeded
in showing that any non-vanishing linear combination of wy, wy, n1, 12
over Q is transcendental; here w;, w, denote primitive periods of the
respective g-functions and ny, 12 the corresponding quasi-periods. In
the special case when w1, w; are a pair of fundamental periods of a single
g-function, Coates [71] gave the same result for the five numbers wy,
w7, N1, N2 and 2, and the definitive theorem in this direction was sub-
sequently proved by Masser [162]; he showed that the dimension of the
space spanned by wy, w2, 11, n2 together with 1 and 277 is either 4 or 6
according to whether g does or does not admit complex multiplication.

Now let y1,..., ¥, be elements as above in the complex Lie algebra
of E withexpg(y)) € E (K). We shall use the analytic subgroup theorem
to determine the dimension of the vector space V generated over Q by
the set S of numbers

1, 27-[[’ Vl’---,Vna g(yl),,f()/n),

here we assume that y, ..., y, are not in the period lattice of E so that
the values of the ¢-function are well-defined. Let r be the dimension
of the vector space generated over Ky by the elements yy,..., y,. We
prove the following theorem.
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Theorem 6.3 dimV = 2r + 2.

Proof. The argument follows that of Theorem 6.2 but with a more com-
plicated group variety G. This is given by an extension of the group
variety Go = G, x E" by the additive group G,; see [220]. Its exten-
sion class is determined as follows. Let M (z) be a non-zero linear form
in the 2n + 2 variables T_y, To, T{,...,T,, T{,..., T, with coeffi-
cients in K such that M vanishes on the set S. We shall assume that
the elements yy, ..., y, are linearly independent over the field Ky; this
involves no loss of generality in view of the functional equation for the
¢-function and the fact that expg (y;) isin E (K). We write M in the form
M = My+ M’ +M" where My = aT_1 + BTy and where M', M"”
are linear forms in 77{,...,T, and T{,..., T, respectively. The group
variety G referred to at the beginning is now given by the extension of
Gy by G, determined by M".

The components of the exponential map exp; in the standard
embedding (see [92]) are given by the functions

Z_l + MU({(ZI)’ cre C(Zn)),
exp(20), §(z), ©'(z) (j=1,...,n)

for complex variables z_1, zp,...,Z,. From the hypotheses it follows
that the images of the rational multiples of the point

& = (2m’ﬂ +M'(y1,..., 70, 27, yl,...,y,,)

under the exponential map are algebraic points on G. The rational mul-
tiples of ¢ are all contained in the Lie algebra of an analytic subgroup B
which is given by the equation

T_4 :,BTQ—l-M,.

This subalgebra is clearly defined over the field K; therefore we can
apply the analytic subgroup theorem and deduce that there exists an
algebraic subgroup H of G defined over K whose complex Lie algebra
hc is contained in the Lie algebra of B. Let w : G — E" be the canonical
homomorphism given by the Rosenlicht exact sequence in Section 6.1
and let p: E" — w(H) C E" be the projector in End(E") determined
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by H. Then H is contained in the kernel of ¢ = 1 — p and hence
q(m(g)) = 0. Thus we obtain d(g o w)(y) = 0 and this is a linear
dependence relation over Ko between y1, ..., ¥,. Since the latter are
linearly independent over K it follows that d (g o v) = 0 and this gives
g = 0 or equivalently p = id . Hence we have 7 (H) = E".

We assume now that § # 0. In fact otherwise we can take the quotient
of G by the multiplicative group G,, and we are in a simpler situation
which can be dealt with in the same way as the general case. The intersec-
tion of H with G, x G,,, that is the kernel of 7z, has the form H, x H,, by
Proposition 4.3 and it is contained in the intersection of B with G, x G,,.
Thus, as in the deduction of Lindemann’s theorem from the analytic
subgroup theorem, we see that H, x H,, is finite. Hence the canonical
projection from G to E” makes H into a covering of £”. This means that
the projection has a section which is a homomorphism and therefore the
extension class of G is zero. It follows that the linear form M” which
defines the extension class is itself zero. Hence M = My + M’. How-
ever, since H is isogenous to E”, it is defined in the Lie algebra by the
equations 7_1 = Ty = 0. Since further the Lie algebra of H is contained
in that of B, the linear forms M, T_1, Ty are linearly dependent. This
implies that M’ = 0 identically whence M = M. But the number 7
is transcendental and therefore we must have 8 = 0 in contradiction to
our assumption. This proves the theorem. O

So far we have dealt only with the case of one elliptic curve. However,
there is no obstruction to obtaining an analogous result in the general
case. Accordingly let now E1, ..., E, be elliptic curves over the field K
and y; be an element in the Lie algebra of E; (j = 1,...,n) with the
property that eXpg; (¥) € Ej(K). Weletl, (v =1,...,k) be maximal
sets of indices for which the corresponding elliptic curves are pairwise
isogenous and we take E(*) to be an elliptic curve in the set {Ej; j € I,}
forv =1,..., k. Under an arbitrarily chosen isogeny from Ej to E ™) the
images of the elements y; (j € 1)) in the tangent space of E ) generate
a vector space I',,; the latter is defined over the field K(()U) obtained from
the ring of endomorphisms of E(). Finally we define o, as the dimen-
sion of I';, over K(()v) and we take o as the dimension of the vector space
spanned by the set S defined prior to Theorem 6.3. Then the following
result holds.
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Theorem 6.4 We have o = 2(01 + - -- + 0x) + 2.

The proof is left as an exercise for the ambitious reader. A result of this
kind was first established in Wiistholz [261]; here he extended Baker’s
result [18] on the periods and quasi-periods of a product of two elliptic
curves to the more general case of a product of an arbitrary number of
elliptic curves. This solved the ‘period problem’ originally proposed by
Baker.

We proceed now to discuss a further application of the analytic sub-
group theorem; it deals with a problem that Schneider raised in his
book [216] about transcendence properties of elliptic integrals of the
third kind. There was no apparent progress for a long time but, in 1980,
Laurent [ 141] surprisingly succeeded in obtaining the first results in this
direction. They needed strong restrictions on the poles of the differential
form of the third kind; the latter were removed by Wiistholz [260]. Like
[261], this was a major work that utilised Baker’s method combined with
the then recently discovered theorems concerning multiplicity estimates
on group varieties. In order to state the results of [260] we take an elliptic
curve E defined over a number field K given as usual by an equation of
the form

¥ =4 — gox — g3

with g2, g3 € K. We denote by A the lattice comprising the periods of
the differential form dx/y of the first kind; let g (z), ¢(z) and o (z) be
the classical Weierstrass functions associated with A. We fix a non-zero
period w in A and take n = n(w) to be the corresponding quasi-period
of ¢(z); this satisfies n(w) = ¢(z+ w) — ¢ (z). For any complex number
u notin A we define

AMu,w) = ot (u) — nu.
Let now uyg,...,u, be complex numbers, not in A, such that
@ (1), ..., (u,) are algebraic. Then we have the following result.

Theorem 6.5 Any non-vanishing linear form in w, n, A(uy,w),...,
A(uy, w) with algebraic coefficients is transcendental.

As an application, consider any meromorphic differential £ on the
elliptic curve E which is defined over the same field as the curve itself.
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Then, by standard manipulations, & can be written in the shape

n
&= lX:ij_‘_y]d—x +ad—x +bx@ +dy,
2 o XTEY y y
where x is a rational function on E and the (x;j,y;) are points on E.
Since the differential form is defined over an algebraic number field,
it follows that the ¢;, x;, y; and a, b are all algebraic. We choose com-
plex numbers u; such that e (1;) = x;; this can be done in a unique
way modulo A. If y is any closed cycle on E(C) along which & is
holomorphic then the period of the integral of & along the cycle takes
the form

n
Z cj(Auj, w) + 2kjmi) + aw + by
j=1
for some integers k; (1 < j < n). Except for the term 27 i, the latter
is a linear expression in the quantities appearing in Theorem 6.5. To
incorporate the 2ri we appeal to Legendre’s relation

mwy — nawy = 2mi

satisfied by the fundamental periods and quasi-periods of the Weierstrass
functions; this gives A(u’, w) as a rational multiple of 27 on taking
u = %a)/ where o' is a primitive period in A such that w, @’ are linearly
independent. Thus on applying Theorem 6.5 with the additional quantity

A(u', w) we obtain the following.
Corollary 6.6 The periods of & are either zero or transcendental.

We recall that this result was originally proved by Siegel [229] in the
special case when £ is a differential form of the first kind on a curve with
complex multiplication. The latter condition was subsequently removed
by Schneider [213] who also dealt with the case of differential forms
of the second kind. As mentioned earlier, the first non-trivial results on
periods of elliptic integrals of the third kind were given by M. Laurent
[141]; his work involved certain restrictions on the number of poles and
the latter were eliminated by Wiistholz [260] to give the unconditional
result cited above.
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We now address the question of when a linear form in the numbers
appearing in Theorem 6.5 can actually vanish. Let r be the rank of the
subgroup of C/Zw generated over the rationals by uy, ..., u,; then the
question is answered by the following result.

Theorem 6.7 The vector space generated over Q by
1, w, n, AMuy,w),..., A (uy, o)

has dimension 3 + r.

For the proofs of the results we refer to [260]. They can also be
obtained from the analytic subgroup theorem on the lines already indi-
cated. We mention that it is possible to supplement the set of numbers
considered in Theorem 6.7 by uy, . . ., u, and we find that the dimension
of the vector space generated by the expanded set is then 3 + 2r. Finally
we remark that all these results can be extended to arbitrary abelian
varieties; the statements become much more involved and we shall not
consider them in detail here. However, we shall come back to the gen-
eral situation in the next section where we shall discuss a conjecture of
Leibniz.

6.3 Transcendence properties of rational integrals

Here we study transcendence properties of rational integrals on pro-
jective varieties. These investigations were motivated by the fact that
many numbers which have in the past been established as transcendental
can be written as rational integrals with algebraic bounds. The results
can now be incorporated as special cases of a general theorem, namely
Theorem 6.8 below. Another source of the investigations is a very inter-
esting monograph of Arnol’d [8] where there is a reference to a letter
from Leibniz to Huygens [113] dated 1691 (actually dated é—g April in the
style of the time). In his letter, Leibniz formulated the problem of tran-
scendence of the areas enclosed by segments of an algebraic curve and
two straight lines, where all the defining equations have rational coeffi-
cients. Arnol’d [8, p. 105] rephrased the problem in modern language: he
asked whether an abelian integral along an algebraic curve with rational
(algebraic) coefficients taken between limits which are rational (alge-
braic) numbers is generally a transcendental number. Leibniz’ letter is
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of interest historically for it shows that there was some concept of tran-
scendence as early as the seventeenth century, long before the work of
Liouville, Hermite and Lindemann when the subject is traditionally said
to have been initiated.

The problem of Leibniz, as formulated by Arnol’d, can be extended
by asking whether the number

1(§,J/)=/S
v

is, in general, transcendental; here £ is a closed holomorphic 1-form
on a smooth quasi-projective variety X defined over a number field,
sothaté e I'(X, Q)l()dzo, and y is a (continuous) path mapping [0, 1]
to X (C) such that y(0), y(1) are in X (Q). Note that I (&,y) depends
only on the homology class [y ] of the path y and not on the path itself,
and, moreover, only on the cohomology class of the differential form &
up to an additive algebraic number. We observe at once that (£, y) is
not always transcendental; for instance, the differential form & could be
exact and then the integral obviously takes algebraic values. Furthermore
we can give non-trivial counterexamples as follows. Let E be an elliptic
curve defined over a number field and let ' € E x E be the graph of
an endomorphism ¢ of E; then the differential form & = pr} ¢*dx/y —
pr; dx/y, with the usual notation regarding pull-back etc., vanishes on
I' so that, when the path y is contained in I', the integral /(£, y) is
zero. Essentially these are the only exceptional cases for we have the
following basic theorem.

Theorem 6.8 (Integral theorem) There exist an algebraic cycle Z and
a subgroup 2 of the integral homology of X, both depending only on
the differential form &, such that if 1(€,y) is algebraic then we have
y(0),y(1) € Z(Q) and Jyi0b € Qforall w € Q.

Both the cycle Z and the subgroup 2 can be determined effectively;
they arise from certain algebraic subgroups of group varieties attached
to the pair X, £. Thus if, for example, we assume that [y] %= 0 and £ is
not exact and moreover that X is projective and the associated Albanese
variety of X is simple then we deduce that /(&, y) is transcendental.
In fact in this case it turns out from the proof of Theorem 6.8 that the



126 The analytic subgroup theorem

subgroup 2 is trivial. As a further immediate consequence of the proof
of the integral theorem we obtain the following corollary.

Corollary 6.9 Non-zero periods of rational integrals are trans-
cendental.

Plainly Corollary 6.9 generalises Corollary 6.6 discussed in the pre-
vious section. Thus, in particular, it implies that 7 is transcendental;
indeed we have 277 as a period of the differential form dx/x. It includes
also the classical result of Schneider [211, II] on the transcendence of
the circumference of an ellipse with algebraic axes lengths; this was an
immediate consequence of his result on @ and 7 discussed in Section
6.2. Moreover, it gives the generalisations of the latter by Baker [18] and
by Wiistholz [261] implying the transcendence of the sum of the circum-
ferences of several such ellipses. These results show that not only is it
impossible to square the circle in the classical Greek fashion but also it
is, in a sense, impossible to square the ellipse; that is, we cannot construct
with ruler and compasses only a square with circumference equal to that
of any given ellipse with algebraic axes lengths. In view of Corollary
6.9, this result can now be generalised to an arbitrary real algebraic pro-
jective curve and it follows that, if the latter is defined over an algebraic
number field and the differential giving the length is not exact, then the
perimeter of the curve is transcendental.

It will be observed that the theorem and corollary include several
other classical results as special cases. In particular we obtain the tran-
scendence of ¢* for non-zero algebraic o due to Lindemann; it suffices
to take the integral of the differential form dx/x between the limits 1
and e®. Further, we have the fundamental results of Schneider [214]
on abelian integrals with algebraic bounds and, in particular, his well-
known theorem, already referred to in Section 2.3, on the transcendence
of the Beta-function

B(a,b) = w — /lxa—l(l —x)b_ldx
’ I'(a+b) 0

with rational arguments a, b such that a, b and a + b are non-integral;
the result is immediate from the fact that the Beta-values are peri-
ods of differentials of the second kind on Fermat curves and indeed
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here the Jacobians are of CM-type. In another direction, the Gelfond—
Schneider theorem can be deduced from Theorem 6.8 on taking X as the
affine plane with the axes removed and & as a differential of the form
(dx/x) — B(dy/y). Furthermore we note that the theorem gives at once
the transcendence of the integral

/‘1 dx _1(102+7r)
o 110 3\%sT 2)

Siegel mentioned in his book [231] that it was not known at the time
whether the integral was irrational or not and the problem was solved
by Baker [15]; in fact the transcendence is an obvious consequence of
the fundamental theorem on logarithmic forms.

It may be of interest to make some further remarks on the histori-
cal development of the Leibniz problem. As Arnol’d points out in his
monograph [8], the origins can be traced back to Kepler’s discoveries
in celestial mechanics. Newton was greatly interested in Kepler’s work
and, through Kepler’s second law, he was led to investigate whether the
solution x of the equation x — e sin x = ¢ is an algebraic or transcendental
function of the time ¢. The outcome was formulated as Lemma XX VIII
in his Principia and states

Nulla extat figura Ovalis cujus area rectis pro lubitu abscissa possit per

aequationes numero terminorum ac dimensionum finitas generaliter

mveniri.
Thus it would seem that Newton was claiming to have proved a special
case, relating to ‘oval figures’, of the problem referred to at the begin-
ning. The lemma was the starting point of a long discussion as to whether
its proof was correct or not. In fact Leibniz in his letter to Huygens gave
as a counterexample the Bernoulli lemniscate with equation a’x?
y*(a®> — y?). The relevant area enclosed by the lemniscate is given by

a
1
[[rar= i
y a

and thus is an algebraic function of y; indeed this is clear from the fact
that the 1-form which calculates the area is exact. In his further discus-
sion Leibniz then raises a question which amounts to the transcendence
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of the values of abelian integrals at an algebraic point as formulated in
Arnol’d’s book. To our knowledge it is one of the first places where there
is an allusion to the concept of transcendence and where a general ques-
tion in the area is formulated explicitly. Of course, the ancient Greek
problem of ‘squaring the circle’ was very fashionable at the time and the
first attempts to disprove it were made by J. Gregory in 1667 (see [55,
p. 421]). By 1775 the circle-squarers had become so numerous that the
Academy of Sciences in Paris passed a resolution that no purported solu-
tion would be officially examined. Lambert [ 133] succeeded in showing
in 1761 that 7 is irrational and, in 1882, Lindemann [146] established
the transcendence of 7 and thus finally solved the quadrature problem.

6.4 Algebraic groups and Lie groups

Preliminary to the proof of the integral theorem, we give an exposi-
tion of some relevant facts on commutative algebraic groups and their
associated complex Lie groups. Let G be a connected algebraic group
defined over an algebraically closed field and let g be its associated Lie
algebra. We assume that the field of definition is the algebraic closure
K of some algebraic number field K; this will simplify our discussion
though the assumption is not strictly necessary. Let G(C) be the complex
Lie group of G and let g(C) be its corresponding complex Lie algebra.
Then given any tangent vector X € g(C) there exists a unique analytic
homomorphism ¢y : G,(C) — G(C) such that

(dfﬂx)<%) =X,

This property is used to construct the exponential map of the Lie group
G(C) in the following way: for every X € g(C) we define

expg(X) = ox (1)

and we get an analytic homomorphism expg; from the Lie algebra g(C)
of G(C) into G(C).

Now we observe that any analytic homomorphism ¢: G,(C) —
G(C) induces a homomorphism d¢: g*(C) — g} (C) between the
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spaces dual to the Lie algebras as well as a homomorphism d ¢ between
the Lie algebras themselves. If (,) is the pairing g x g* — K which
defines duality then we have

d 5 ( d
(E’( <p)(w)) = <( ®) <E) w) .

Another pairing is obtained by taking y : [0, 1] — G(C) to be any path
in G(C) and integrating a closed differential form along the path; this
defines an element /(y) in g(C) by

I()/)(w)=/w= (v,w).
Y

It is clear from Stokes’ theorem that /() depends only on the homology
class of the path y. For any element X in g(C), let yx : [0, 1] — G(C)
be the path obtained by restricting the analytic homomorphism ¢y to
the interval [0, 1]. Then the following lemma holds.

Lemma 6.10 We have I(yx) = X.

Proof. By the transformation formula for integrals we have

! d
100 = [ 0= [ oroe = (G.0m0w).

But the latter is equal to

d
(100 (£) ) =t

and we find therefore that

I(yx)(w) = X, ),

which means /(yx) = X as required. O

If X is an element of the kernel of the exponential map exp. then
yx (1) = 0 whence yyx is a cycle and so, by the lemma, X is a period
vector. Further, if y is a path in G(C) then there is a unique path of the
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form yy in the homotopy class of y; thus the integrals /(y) and I (yx)
have the same value and hence

y (1) = yx (1) = expg(X) = expg (I(v))-
This leads to the following corollary.

Corollary 6.11 If P is any point in G(C) and y is any path from 0 to P
then

expg (I(y)) =P.

In view of this corollary, we see that the lemma implies that integration
is inverse to exponentiation as one would expect.

Suppose now that G is commutative. Then it is well known that G
is an extension of an abelian variety by a linear algebraic group which
can be written as a product of a torus 7 with a unipotent group V.
The torus 7 can be written in the form G% and the group V takes
the form GJ. For any invariant 1-form w on G, we denote by H the
largest connected algebraic subgroup of G such that w vanishes on H.
Then there exists an invariant 1-form @’ on the quotient group G/H
such that w is the pull-back of @’ and we write G(w) = G/H. More
generally, let X be a smooth quasi-projective variety over Q and let £
be a closed holomorphic 1-form on X. Then, by Satz 6 in [92], there
exists a connected commutative algebraic group G, an open subvariety
U of X, a morphism ¢: U — G and an invariant differential form w
on G suchthaté = ¢*(w). If 7: G — G(w) is the canonical projection
then the composition ¢(§) of the maps ¢ and 7 is a regular map from
U into G(w). Since G(w) depends only on the original differential form
& we may write G(§) in place of G(w). We have therefore proved the
following lemma.

Lemma 6.12 Let & be a closed holomorphic 1-form on a smooth
quasi-projective variety X. Then there exists an open subset U of
X, a connected commutative algebraic group G(§), a regular map
9(&): U — G(&) and an invariant differential form o on G(§) such

that§ = (¢(§))* (w).

Let G be a commutative algebraic group with linear part L and let i
be the canonical injection of L into G. For any homomorphism o from
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L to another commutative linear algebraic group L' we define a group
a«G as the push-out of the group G with respect to the morphisms i
and «. In other words, «,G is the quotient of the product G x L’ by the
group L which acts on the first factor via i and on the second factor via
a, and it is an extension of the abelian part A of G by the linear group
L'. The group G injects into the group G x L’ which itself projects onto
the group «,G and we denote the composition of the two maps by 8;
thus the map 8 is the homomorphism from G to «,G induced by «.

It can be seen easily that the unipotent part V (£) of the group G(&)
defined in the lemma has dimension at most 1. Indeed otherwise there
exists an algebraic subgroup V of V(&) such that the differential form
o vanishes identically on V, whence there exists a non-zero homomor-
phism « from V (&) to G, with kernel V. The homomorphism « induces
a projection B from G(§) to oG (£) with the same kernel V and, since
the dimension of V is positive, the dimension of o, G (&) is strictly less
than that of G(&). Further, the differential form w descends to a differ-
ential form n on «a,G (&) such that w = $*(n) and, as a consequence,
we have & = (B8 o ¢(£))*(n) which contradicts the lemma.

6.5 Lindemann’s theorem for abelian varieties

In Section 1.2 we discussed Lindemann’s theorem on the algebraic
independence of ¢“!,...,e* where «y,...,«a, are algebraic numbers
linearly independent over Q. As described in Section 1.3 the work moti-
vated Siegel to introduce the class of E-functions extending the classical
exponential function and he then proceeded to establish an important
generalisation of Lindemann’s theorem in this context. We recall that the
coefficients in the Taylor expansion of an E-function have the form a,, /n!
where the algebraic numbers a, and their denominators are bounded
exponentially in terms of n and so are dominated by the n!. Further we
recall that, in order to obtain his basic result on the algebraic indepen-
dence of E-functions, Siegel made the hypothesis that the functions in
question satisfy a system of linear differential equations over the field of
rational functions of a single variable. This implies that the vector space
generated by the solutions over the rational function field is invariant
under differentiation and thus it allows one to utilise Wronskians for
linear elimination. Again as described in Section 1.3 Siegel was able
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to deal only with linear differential equations of second order and it
was Shidlovsky who succeeded in establishing the desired result for
equations of arbitrary order.

The Baker—Wiistholz theory also has its origins in the classical
exponential function but it puts it now into the geometric framework
of commutative algebraic groups. We consider the algebraic torus 7°
of dimension n which is basic for the Baker theory and we take
X1(0/0X1),...,X,(0/0X,) as a basis for its Lie algebra (see Section
4.4). The tangent vector

de = 1 X1 (/X)) + - - + 00nX(3/0X,) € Lie(T)

has image exp;(dy) = (e*!,...,e*") in T (see Lemma 6.10 together
with Corollary 6.11) and Lindemann’s theorem is then equivalent to the
assertion that the dimension of the Zariski closure g, of g, = exps(9y)
in 7 taken over the field Q is equal to dim 7. In other words the point
8« 1s dense in 7 with respect to the Zariski topology.

The main problem in this field is to obtain a natural extension of
the classical Lindemann theorem in the context of abelian varieties and
more generally to put the Siegel-Shidlovsky theorem into a geometrical
framework. The most significant result to date relates to elliptic curves; it
was published in 1983 in separate papers in the same issue of Inventiones
Mathematicae by Philippon [192] and by Wiistholz [259] and asserts as
follows.

Theorem 6.13 Let E be an elliptic curve with complex multiplication by
an imaginary quadratic field k and let o1, . . ., &, be algebraic numbers
which are linearly independent over k. Then the numbers

(1), ..., 0 )

are algebraically independent over the field Q.

The case n=1 of Theorem 6.13 was established by Schneider [213]
and indeed without any assumption on the endomorphism algebra
of the elliptic curve; in fact, as remarked in Section 2.3, Schneider
showed in 1937 that if g (z) is a Weierstrass gp-function with alge-
braic invariants then ¢ («) is transcendental for algebraic « #0.
However, the first breakthrough towards the general assertion was
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achieved by Chudnovsky [68] in 1980; he verified Theorem 6.13 in the
casesn < 3.

The proofs of Theorem 6.13 are discussed in the original papers in
the wider context of a general abelian analogue of Lindemann’s theorem
and we shall follow that approach here. Accordingly let A be a simple
abelian variety defined over Q and let k = (End A) ® Q. The abelian
analogue of the torus 7 referred to above is the algebraic group A = A”
which has a ring of endomorphisms End A isomorphic to the ring of
n x n matrices M, (End A) with elements in End A. The differential of
an endomorphism of any algebraic group acts linearly on the Lie algebra
of the group and, in particular, this gives an action of the endomorphism
algebra (End A) ® k on the Lie algebra Lie A of A where, as later, the
tensor product is with respect to End A. We consider a subfield K C
(End A) ® k and choose an eigenvector 9 for the action of K on Lie A.
Then it suffices for Theorem 6.13 to establish the lower bound

2dimg > [K : Q]

for the dimension of the Zariski closure g of g = exp,(9). Indeed it
is well known that the degree of the skew field k divides 2 dim A with
equality if and only if A has complex multiplication by an orderina CM -
field. Thus, if [K : k] = n, then, for a CM -field k, we get g = A and
this can be interpreted as the abelian analogue of Lindemann’s theorem.

We verify the latter assertion for an elliptic curve Y2 = 4X3 — g, X —
g3, say E, with complex multiplication. There exists a natural basis dg
for the Lie algebra of E such that the exponential map expy, of E satisfies

(expr X)(20g) = X (expg(29)) = p (2)

with respect to this basis. Let oy, . . ., «, be algebraic numbers linearly
independent over k and let K be the smallest field containing £ and all
the ;. We extend the k-linearly independent set «y, ..., q, to a basis
o, ...,o, for K over k sothatm = [K : k]. The extension K is a vector
space over k on which an element « € K acts by left multiplication
as a k-linear endomorphism. The endomorphism « can be expressed in
terms of the basis by a matrix M («) in the matrix algebra M,, (k) and this
shows that K is isomorphic to a subfield of (End E) ® k of dimension m
over k forE = E™. Since K acts on Lie E by left multiplication it follows
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that the vector d = «191 + - - - + o9y, 1S an eigenvector for the action
of K. The basic equation g = A discussed above with g = expp(9d)
becomes g = K. This implies that P(g) # 0 for all P # 0 in the field of
rational functions Q(E) on E. We have seen that the coordinate function
X; on the ith factor of [E and the associated coordinate functions z; on
the Lie algebra are related by

(expi Xi) (zid;) = Xi(expg(zid))) = 0 (zi).

Now if P = P(Xy,...,Xy) is a non-zero polynomial in the variables
Xi,...,X,, then P is in Q(IE) whence we obtain

P(g) = P(X1(g),...,Xn(g))
= P((expg X1)(9), .. ., (expg Xin) (D))
=P(p(a1),....0 (@n).

Since P(g) # O this implies that g («y),..., & (o), whence a for-
tiori g (a1),...,4 (oy), are algebraically independent and this gives
Theorem 6.13.

The key ingredients in the proofs of the fundamental lower bound
[K : Q] for 2 dim g in the original papers are the classical construction of
an auxiliary polynomial by way of Siegel’s lemma as in earlier chapters,
an interpolation procedure using a Schwarz lemma and an appeal to
the theory of multiplicity estimates relating to group varieties. Another
essential ingredient is an effective Hilbert Nullstellensatz which, as
shown in [259], can be obtained relatively simply from the theory of
resultants dating back to Lasker, Noether and Macaulay. The underly-
ing group in both instances is G = G, x A but since one has to deal
with transcendental extensions of algebraic number fields rather than
the fields themselves one needs for the application of the Siegel lemma
an idea which was introduced into transcendence theory by Philippon
[192] and involves in this context taking a large power G = G as the
basic group. As a consequence the interpolation procedure has to be per-
formed with respect to functions of % variables and in the multiplicity
estimates there are & differential operators as described in Section 5.2.
One further aspect critical to the discussion is a transcendence device
dating back to Baker and Coates which was subsequently supplemented
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and utilised in the elliptic case by Anderson [4] and by Chudnovsky [68];
it provides estimates, in the general framework of algebraic groups, for
the height and for the degree of the auxiliary polynomial that are crucial
to the demonstration. For details of all this work see [192] and [259].
Finally we remark that Brownawell and Kollar (see [131]) have
obtained a result on the Hilbert Nullstellensatz for affine varieties anal-
ogous to the version for projective varieties referred to above. This
would appear to be of value in connection with open problems in this
area, in particular the question of a new demonstration of the classical
Lindemann theorem adapted from the proofs of Theorem 6.13.

6.6 Proof of the integral theorem

The integral theorem is obtained as an application of the analytic sub-
group theorem which we recall states that, in general, an analytic
subgroup of a commutative algebraic group has only trivial algebraic
points. We begin by constructing the algebraic group G and the ana-
Iytic subgroup B mentioned in Theorem 6.1. Accordingly let G(§) be
the algebraic group described in Lemma 6.12. The standard differential
forms w on G(&) and dx on G, pull back to invariant differential forms
n and dt on the group G = G(§) x G, and we define a new invariant
differential form 7 on this group as n — (&, y)dt. Now assuming that
1 (&, y) is algebraic, it follows that 7 is an invariant differential form on
G. Furthermore, on signifying by g the Lie algebra of G and by g* its
dual and noting that 7 is in g* we can take B as the analytic subgroup of
the Lie subalgebra of g defined by the condition t = 0.

By Lemma 6.10, the functional /(y) on the space of invariant differ-
ential forms is an element of the Lie algebra of G(£) and therefore the
mapping d¢(&) tangent to ¢ (&) takes /(y) to an element u of the Lie
algebra of the complex Lie group G(£)(C). Let i and i be the canonical
injections of G(§) and G, into G(¢) x G, and define the element & of
the Lie algebra g(C) by

e = diy (u) + dir(d /dx).

Then it is easily seen that ¢ is contained in the Lie algebra b(C) of the
analytic subgroup B. As we have shown in Corollary 6.11, the image
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Py of u in G(§)(C) under the exponential map exp is actually an ele-
ment of G(é)(@). Further, the image P> of the element d /dx of the Lie
algebra of G, under the exponential map expg, is in Q. It follows that
P =1i1(P))+ir(Py)isin G(@). On the other hand we have P = expg(¢)
whence P is also in B(Q).

Now from Theorem 6.1 there exists an algebraic subgroup I' of G
such that ¢ € LieI" C b. Further, by definition, B is the graph of an ana-
lytic homomorphism ¥ : G(¢§) — G, whence the algebraic subgroup I'
induces by restriction a homomorphism vy : H — G, where H is the
projection of I" onto the first factor G(&) of G. Since T vanishes on b
we see that it vanishes on Lie I" and this implies that @ vanishes on the
kernel of 1. By the discussion preceding Lemma 6.12, G(£) does not
have a non-trivial algebraic subgroup on which w vanishes. This shows
that ¥ is injective and that H is contained in the largest unipotent sub-
group of G(£) which is either trivial or equal to G,. We now define
Z = ¢(&)"'H and Q = ¢ '[0] where ¢,: H|(X,7Z) — H{(G(&),7)
is the group homomorphism induced by ¢ on the homology groups and
this completes the proof of Theorem 6.8.

6.7 Extended multiplicity estimates

In this section we generalise the theory developed in Chapter 4 to arbi-
trary commutative group varieties. We fix, as usual, an algebraically
closed field K of characteristic zero and consider a group variety G over
K with dimension # which we assume to be embedded in PV. We begin
by defining two types of operators similar to those in Chapter 4, namely
translation and differential operators, the latter being obtained from the
former.

We recall that in Section 6.1 we defined addition formulae on an
arbitrary group variety according to which there exist positive integers
a, b and a finite covering of G x G by open sets ¢ with the following
property. For each U/ there exists a set of bthomogeneous polynomials
Po(X',X"),...,PNy(X’,X") in the variables X' = (X{,..., X} ), X" =
(X{',....Xy) of bidegree a, b such that

Xo(g+h):...: Xn(g+h) = (Po(g,h) :...: PN(g.h))
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for all g, h € U. We refer to Section 6.9 where we explain how such a
complete set of addition formulae can be effectively constructed.

We shall now define operators analogous to those introduced in
Chapter 5. In the present situation the basic algebra R associated with
G is the quotient of the polynomial ring in the variables Xp,..., Xy
by the homogeneous ideal generated by the collection of polynomi-
als vanishing on G. The natural graduation of the polynomial ring by
degree induces a graduation R = €., Rx on R with the property that
R is generated as a ring by the subsp_ace R of elements of degree 1.
For g in G(K), that is the set of points rational over K, we let S be
the local ring of G at g consisting of all rational functions, in other
words all elements in the quotient field of R which are regular at g.
The graduation on R induces naturally a graduation .S, ® R

onS, ®R.
Addition on G induces a finite collection of homomorphisms p: R —
Se ® R such thatif ro, ..., ry is a basis for Ry over K then the projective

coordinates of g + & satisfy

(ro(g+h) ... rn(g+h) = (u(ro)(g,h) ... n(rn)(g,h) (6.1)

and this holds provided that the u(r;), 0 < i < N, are not all zero at
(g, h). By our choice of the projective space there exists at least one i
for which this is satisfied. It is easy to see that if i and u, are addition
laws then a4 + oy is an addition formula for all 1, «y in K. This
implies that for any countable collection of points we may choose o
and « such that formula (6.1) is valid.

For each g € G the symmetric algebra Sym(g) of the Lie algebra
of G acts on the local ring S, as an algebra of differential operators
and each 9 in Sym(g) defines an endomorphism D of S, ® R given by
s ®r — 9ds ® r. The evaluation homomorphism taking s +— s(g) at
g, where s € Sy, induces a homomorphism y : S, ® R — R mapping
s ® rto s(g)r. Thus we obtain an endomorphism r +— y (D(u(r))) of R
which we shall denote by T, o D; this operator does not depend on the
choice of w. The symmetric algebra Sym(g) has a natural graduation so
that we may define the order of an element r € R at g € G to be the
largest integer m such that the element (7 o D)(r) evaluated at 0 € G
is O for all D with degree < m.
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We shall now state, following [263], an analogue for commutative
group varieties of the fundamental theorem of Chapter 5. Accordingly,
we associate with a commutative group variety G and a subspace V of
its Lie algebra g an index t(G, V) which we define as d/n, where d
is the dimension of V. We call V semistable if for all proper quotients
7: G — G’ we have

(G, (V) = 7(G, V)

where 1, is the homomorphism induced on g by . It follows thatif V is
not semistable then there exists a non-trivial quotient 7 : G — G* such
that 7 (G*, V) is minimal and 7 (G*, 7.V) < (G, V). Clearly 7,V is
semistable and it can be shown (see [93]) that G* is uniquely determined
provided that this quotient is selected with minimal dimension.

We fix an element ¢ € G and a homomorphism u for which the
formula (6.1) is valid for all elements sg in the group generated by g. By
the above remarks this is possible and we obtain translation operators T,
as before. We signify by L1, . . ., Ly differential operators corresponding
to a basis for V, by r £ 0 an element in Rp and we take S, T as positive
integers. Then we have the following theorem.

Theorem 6.14 Suppose that V is semistable. Then there exists an effec-
tively computable constant ¢ > 0, depending only on G and V, with the
following property. If ST® > ¢D" and if, for all integers s with) < s < §
and all non-negative integers ty,...,tg with0 < t;1 +---+t;3 < T,
we have

(TooL} - L¥r)(0) =0

then there exists an integer s’ with 0 < s’ < S such that s'g = 0.

There are basically two differences between the theorem here and the
fundamental Theorem 5.7 on multiplicity estimates. First, in Chapter 5,
we dealt with a product of group varieties Gog X - - - X G, and an embedding
into multiprojective space with Go = G, and G| = --- = G, = Gy,.
This made it possible to take a multidegree polynomial with respect to
the several factors. Here we have only one factor and therefore only one
degree. However, it should be remarked that the theorem can easily be
extended to cover also the product case. The second difference is that
we have assumed that V' is semistable. This makes it possible to rule out
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a priori a conclusion analogous to (i) in Theorem 5.7 and this is why we
have here the simple condition ST¢ > ¢D". It can be easily seen that
if (i) is ruled out and if V is semistable with respect to the subspace of
g generated by Ao, ..., A,_1, then (ii) is equivalent to a condition on
S, T and D as above. Theorem 6.14 above has a simpler form than the
fundamental theorem on multiplicity estimates but it is not so universal;
nevertheless it is sufficient to prove the analytic subgroup theorem.

The proof of Theorem 6.14 runs along the same lines as that of the
earlier theorem. We put

SO =((m—r+ /s, TV =((n—r+1)/mT (1 <r<n.

Then, assuming that the theorem is false, it is proved by induction on r
that the ideal 7, generated by the homogeneous elements

ToyLi'---LiP (0<o<S-8S",0<t+ - +1,<T-T")
has rank r and that the set of polynomials
T, L L9, (0<s<SD,0<t+-+13<T")

vanishes at 0; here essential use is made of the hypothesis that V is
semistable. Now the ideal /* generated by the ideals T, 1, with0 < 5 <
S™ has rank n and the elements in each of the ideals in the set

L’ll...LZII* (0§l1+"'+ld§T(n))

vanish at sy for0 < s < S™. We now apply degree theory as developed
in Chapter 5, in particular the results on the length of ideals referred to
there, to conclude that

for some effectively computable constant ¢’ provided that the elements
sy for 0 < s < S are pairwise distinct; on taking ¢ = n*c’ we obtain a
contradiction and the theorem follows at once.

It will be observed that Theorem 6.14 has a slightly simpler shape than
the main theorem in [263]. To get the result stated here from the latter,
one applies semistability to verify the principal conditions as recorded
on [263, p. 475]; the deduction is in fact an easy exercise.
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6.8 Proof of the analytic subgroup theorem

The proof of Theorem 6.1 divides naturally into two parts. The first is
the so-called constructive part and it follows the usual pattern in con-
nection with logarithmic forms as described in Chapter 2. However, the
underlying group G here is more general than the linear algebraic group
G4 x G}, occurring in the original work and this introduces several
technical difficulties. The second is the deconstructive part and this is
treated by Theorem 6.14 on multiplicity estimates on group varieties.
The argument we give below is a modified version of that of Wiistholz
[264] and we refer there for further details.

Let G be a commutative group variety with Lie algebra g and sub-
algebra b defined over the algebraic closure Q of Q. We obtain from b
via the exponential map an analytic subgroup B of G(C); we say that
B is semistable if b is semistable in the sense of Section 6.7. In fact,
to apply the multiplicity estimates, we shall need B to be semistable,
and we proceed now to show that we may reduce Theorem 6.1 to this
special case.

Accordingly, suppose that B is not semistable. Then, by Section 6.7,
there exists a proper quotient 7 : G — G* of G, defined over Q, such
that T(G*) is minimal and 7(G*) < ©(G). Since t(G) < 1, we see that
dim(,.b) < dim(g*) whence the image B* of B in G*(C) is a proper
analytic subgroup of G*. We now argue by induction on the dimension
of the group G; plainly Theorem 6.1 is valid when the dimension is 1 and
we assume the validity for groups with dimension smaller than that of
G. Now suppose that B*(Q) # 0. We can therefore apply the inductive
hypothesis to B* and G* and we obtain an algebraic subgroup K* of G*
contained in B*. The inverse image K of K* in G properly contains H,
whence dim H < dim K, and thus we have

7(G*) = (dimB — dim H) /(dim G — dim H)
> (dimB — dimK)/(dim G — dimK) = 1(G/K) = 1(G*/K™).

This contradicts the minimality of 7(G*). We conclude that B*(Q) = 0
and hence B (@) = (BNker n)(@). A second application of the induc-
tive hypothesis applied now to B N ker 7 and ker 7 gives an algebraic
subgroup of G contained in B and Theorem 6.1 follows.
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Henceforth, therefore, we can assume that B is semistable. Since fur-
thermore G and b are defined over the algebraic closure of QQ, there exists
a number field K such that both G and b are defined over K. Thus it will
suffice to prove the following result.

Theorem 6.15 (Semistability theorem) Let G be a commutative group
variety and let B be a proper analytic subgroup of G(C) with both B and
G defined over a number field K. If B is semistable then B(K) = 0.

Proof. We fix a very ample line bundle L over G as in Section 6.7 and
obtain an embedding ¢: G — PV. Further we take expg to be the
exponential map from g ® C into G(C) and we write f; = X;(¢(expg))
fori = 0,...,N, where Xy, ..., Xy are the homogeneous coordinates
for PV. The functions are defined on g ® C which we identify with C"
where n = dim G. It is known that

log i) <c1 +eallzll?, i=0,...,N,

for any z = (z1,...,2,) in C", where lzlI> = 2121 + - - - + 242y is the
standard metric on C" and where ¢, ¢; are positive constants depending
only on G and L.

A basic tool in the theory of logarithmic forms is the maximum-
modulus principle which has come to be applied in the shape of some
version of the so-called Schwarz lemma. Lef f be a function of the com-
plex variable w holomorphic in a closed disc centred at the origin and
with radius r > 0. We put

1Al = max |f (w)].

Now suppose that f has a zero at each of the points s = 0,1,...,S
with order T and that 0 < § < r’ < r. We consider the finite Blaschke

product
2

d r- —sw r
s =[1(7=5) -

Plainly, the function fg is holomorphic in the disc |w| < r and the
maximum-modulus principle gives

Ifgll < lfgl,-
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Each factor in the product representing g (w) has modulus 1 when |w| =
r and modulus at least (r2+7'%) /(2rr") when |w| = r’ (indeed the typical
factor has modulus at least (2 4 r's)/(rr’ + rs) on |w| = r’). Hence we

obtain ,

2rr
tog |1, < log I I, + T log (=)

and this is the form of the Schwarz lemma that we shall use later.

Before beginning the main constructive part of the proof we remark
further that we shall use the absolute logarithmic Weil height 7 = hy
associated with the invertible sheaf L. We recall two basic inequalities
relating to the height, namely

h(lg) < c3€*h(g) +c4, h(g) < cst*(h(Lg) + 1)

valid for any positive integer ¢ and any g € G(Q), where c3, ¢4, c5
and » denote positive numbers depending only on G and L. Finally, in
connection with the Siegel lemma, we need to know the dimension of
the space of global sections H(G, ZD), where D is a positive integer.
We shall show in Section 6.9, by way of the Riemann—Roch theorem,
that dim H%(G,L) = x (L) where x (L) is the Euler characteristic of L;
further, from Section 6.9, x (L) is positive since L is ample. Thus, on
noting that x (ZD) = D"x (L), we have

dim H(G,I°) = D"x (D).

Now assume that B(IKK) # 0 so that B contains a non-trivial algebraic
point y’; we can suppose Y’ to be defined over K by replacing K, if
necessary, by a finite extension. Further, we can write y’ = expg(u)
for some non-zero u € Lie B. It may happen that y’ is a torsion point
and that ord(y’), the order of the group that it generates, is too small to
make our argument work. In this case we assume, as clearly we may,
that ' has been selected at the outset so as to be primitive, that is, such
that u ord(y’) is primitive in the kernel of the exponential map. We now
replace y’ by an element y = expg;(v) in B where v = u/€ and ¢ is
a sufficiently large integer. The coordinates of y are contained in an
extension K, of K with [K, : K] < £2" and the group I" generated by y
is contained in G(Ky). Further, the primitive property of y” implies that
ord(y) = Lord(y").
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The first step in the proof of Theorem 6.1 is the construction of a
section P of H(G, L") satisfying

(Tsp L} - L4P)(0) =0 (6.2)
for all integers s with 0 < s < § and all non-negative integers t{, ...,
withO < 1+ - -+1; < T.Here the notation is the same as in Section 6.7
so that d is the dimension of the subspace V defined above, Ly, ...,Ly

are differential operators corresponding to a basis of V and Ty, is a
translation operator depending on an open set /; the latter is chosen
here so that it contains the points (0,sy) with 0 < s < £S whence a
fortiori the points (0,sy") with 0 < s < S. The quantities S, 7, D and ¢
denote large parameters, with S, D, £ integral, determined in the course
of the argument so as to satisfy a set of inequalities readily seen to be
consistent; constants implied by < or by >> will be independent of the
parameters. The construction of P is possible since the equations amount
to §'T¢ linear conditions at most, where S’ is the number of distinct
points sy’ with 0 < s < S. Further, on writing P as a homogeneous
polynomial in xo, ..., xy, where the latter is a basis for H 0(G,L) (so
that x; is the composition of ¢ and X;), the number of unknowns in (6.2)
is dim H%(G, ZD) and, by a critical application of the Baker—Coates
device referred to in Section 6.5 so as to eliminate a term 752, one sees
that the heights of the coefficients are

< (D+T)log(D+T) + DS?.

Hence, by Siegel’s lemma together with the result for dim H%(G, ZD)
recorded above, the system of equations is soluble non-trivially if

D"x(L) > S'T?

and, if also DS « T, then, from the first height inequality, there is
a solution such that the height of the polynomial representing P is <
TlogT.

We now define a function ®: C — G(C) by ®(w) = expg(wv) so
that @ is the one-parameter subgroup determined by v. Note that, since
v 1S not necessarily in @n, it follows that the tangent space of ® at the
origin may not be defined over Q and here we meet the crux of the Baker
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method. In order to carry out the customary extrapolation, we take L to
be a monomial in the differential operators Ly, ...,L; with degree at
most 7'/2 and we put
¥ (w) = O*(LP),

where ®* denotes the pull-back induced by ®. Then, by construction,
the function ¥ (w) = W (£w) has a zero at each s = 0, ..., S with order
at least [7/2] 4 1. Further, it is a polynomial in the f; with degree < D.
By the estimate for these functions cited earlier we obtain

log |||, < (D + T)log(D + T) + D(S* + r?).

Hence by the version of the Schwarz lemma derived above with ¥’ = §
and r = S? we conclude that

log[¥llg < —cTSlog$S

for some ¢ > 0 provided that log T « S and DS>® « T.

We now consider the number W(s), where s is any integer with 0 <
s < ¢S, and we proceed to show that W(s) = 0. Plainly, from the
estimate for i above, we have

log [W(s)| < —cTSlogS.

On the other hand, we observe that f;(sv) = oX;(sy) fori =0,...,N
with some non-zero ¢ = o(sv), and thus we have W(s) = 0% where
& = LP(sy) and § is the degree of LP. Here £ is an element of K, and,
since [K¢: K] < £2", a Liouville-type estimate together with the height
inequalities above, shows that, if & # 0, then

log [§] 3> —€”"h(¢) > —"(Tlog T +8(5> + £+7)).
Another application of the height inequalities gives
log(max | X;(sy)|) < €5,

Further, by [92] and using basic facts about Hermitian forms associated
with invertible sheaves (see e.g. Mumford [184]), we obtain

log(max [f;(sv)]) > —(s* + Dv]|?.



6.9 Effective constructions on group varieties 145

Hence clearly log [o| > —£*s? and, since 8§ < D, this gives
log |W(s)| > —€* (T log T + ¢*t*DS?).

Wetake D = S* (¢'S") and T = S*(¢'S")"~D/d where ¢/ < ¢ is a suffi-
ciently large integer so that the condition involving S’ in the application
of Siegel’s lemma is satisfied. Noting that d < n — 1 and assuming that
log S > log ¢, a comparison of the estimates for log | ¥ (s)| shows that
we have a contradiction. We conclude that ¥ (s) = 0 whence it follows
from the translation properties of the Ty, that (6.2) holds, with y in
place of y’, for all integers s = 0, ..., £S and all non-negative integers
Hy...,.tgwitht;+---+1t; < T/2. We now appeal to Theorem 6.14 with
S and T replaced by ¢S’ and T /2. The preliminary supposition on y is
satisfied and, in view of the definition of §” and the primitive property
of y’/, the order of T, if finite, is £S” and there is no s’ with s’y = 0 and
0 < s < £S’. Finally we have £5'T¢ > D" and, on assuming that B
is semistable, this is clearly inconsistent with Theorem 6.14. Thus we
must have B(K) = 0 as required. O

6.9 Effective constructions on group varieties

In this section we study some important questions concerning com-
mutative algebraic group varieties. It can be read independently from
the material presented so far in this book. However, the reader will be
assumed to be familiar with the basic notions in algebraic geometry (see
e.g. Hartshorne [125]).

It is known from a classical result of Rosenlicht that a commutative
group variety G is an extension of an abelian variety A by a linear
algebraic group L which is a product of a vector group V and a torus 7.
We obtain therefore an exact sequence

00— VxT —-G—A—70

of algebraic groups which are given a priori as abstract objects. The aim
of this section is to furnish in an effective way an explicit description of
these group varieties in terms of projective algebraic geometry. We shall
concentrate on two main questions. The first concerns the embedding of
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such varieties in projective space by means of ample invertible sheaves.
The second deals with an explicit presentation of the addition morphism
of embedded varieties.

As regards the first question, we need first to compactify the group
varieties and then to construct some very ample invertible sheaf on
the compactification. This problem has been studied by Faltings and
Wiistholz [92]. They constructed a certain compactification g of the
group variety G and a very ample invertible sheaf which gives the
desired embedding into projective space. The dimension of the latter
was computed by the Riemann—Roch theorem and indeed a general
Riemann—Roch formula was proved for the Euler characteristic of line
bundles arising naturally in the theory of compactification. This for-
mula leads to Theorem 6.16 below as we shall show; the theorem would
seem to be particularly useful in transcendence theory and Diophantine
approximation. In fact the dimension of the space of global sections of
very ample invertible sheaves appears in the more sophisticated versions
of the Siegel lemma and, as we have seen, the latter is a basic ingredient
of many of the proofs in this field.

Asregards the second question, we denote by u: G x G — G the addi-
tion morphism of G. Then, in connection with the projective embedding
described above, i is given locally by sets of homogeneous polynomials.
We need to know the degrees of the polynomials and, in the case when
the group is defined over a number field, also information about their
heights. In the compact case, that is when the group is an abelian variety,
Lange and Ruppert [ 140] described a method which gives a complete set
of addition formulae. Their approach was expanded in Wiistholz [265]
to give a description of the addition formulae in general.

We shall now give an account of the main results of [265] which
are based on the compactification G of G constructed in [92]; here it
is assumed that the field of definition is algebraically closed and has
characteristic 0. Since G is an extension of an abelian variety by a lin-
ear group, it suffices to consider the case when the latter is either the
additive or the multiplicative group variety; the results in general follow
by taking fibre products. Clearly the particular groups in question can
be embedded into P! by letting them operate on the projective space
through the projective linear group and then taking any dense orbit (cf.
Section 4.3). Thus G gets embedded into a fibre space g: G — A with
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compact fibre over the abelian variety. Now there exists on G a rel-
atively ample invertible sheaf O(1) and we begin by determining the
Euler characteristic of £ = O(1) ® g*L for a fixed invertible sheaf £
on A. In fact, in the paper [92] referred to above, Faltings and Wiistholz
considered the direct image F ® L of the sheaf £, where F = g,0(1),
and they showed that F has a filtration

F=F0oD>Fi D DFDF+1=0

such that F;/Fj1q is in PicO(A) forj =0,1,...,r. Then, in view of the
Riemann—Roch formula discussed in connection with the first question
above, we obtain x L)=r x (L), where r = rank F.

Let K(L£) be the theta-group consisting of allx € Asuchthat 7L = L
where T is the translation on A by x; we say that £ is non-degenerate
if K(£) is finite. Now it is proved in [92] that if £ is non-degenerate
then there exists a unique i = i(£), with 0 < i < dimA, such that
H(G,L) # 0 and H*(G,L) = 0 for k # i. If £ is ample then it is
non-degenerate and it is known that i(£) = 0 in this case. Hence we
deduce that H°(G, L) = 0 and furthermore that x (Z) =dimH'(G, ).
From the construction of F, we have r = 29 where d is the dimension
of the linear part of the group G and, by another application of the
Riemann—Roch theorem, we obtain x (£) = L£"/n! where n = dimA.
Hence the equation X(Z) = rx (L) stated above gives the following
theorem [265].

Theorem 6.16 If L is ample then dim H*(G, L) = 2¢L"/n!.

To complete our discussion we return to the question of the degrees
and heights of the polynomials occurring in the addition formulae men-
tioned above. Let G be an extension of an abelian variety A by a
commutative linear algebraic group with dimension d. Suppose that Ly
is an ample invertible sheaf on A and put £ = ES. Then L is very ample
and it is known from algebraic geometry that G can be embedded into
the projective space P(W) where W = H%(G, £). By virtue of Theorem
6.16, the dimension of W is N = 29" /n!, and Wiistholz [265] proved
further that the addition formulae on G can be expressed completely in
terms of sets of bihomogeneous polynomials with bidegree (3, 3).
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We remark that the embedding of G into P(W) described above is not
best possible insofar as the dimension of W is concerned. Indeed if one
is more careful with the compactification then one can replace W by a
vector space with dimension N depending linearly rather than exponen-
tially on d. Moreover Lange and Ruppert [140] suggested that the pair
(3, 3) is probably capable of improvement in certain circumstances and
in fact Bosma and Lenstra [52] have shown that two addition formulae
of bidegree (2, 2) suffice on an elliptic curve.

Finally we mention that the question of giving upper bounds for the
heights of polynomials occurring in the addition formulae has not been
solved in general but all the techniques for obtaining such estimates
seem to be available. The basic tools in this connection are Arakelov
theory along with the Geometry of Numbers. To apply Arakelov theory,
one would have to develop the theory of Wiistholz [265] in the context
of Spec Ok where Ok denotes the ring of integers of the number field K
over which the polynomials in question are defined. The main problem
seems to be how to obtain effectively Néron models for the relevant
groups involved; this is an interesting problem in arithmetical algebraic
geometry arising from transcendence theory.



7
The quantitative theory

7.1 Introduction

In the last chapter we established the most natural version of the
qualitative theory of logarithmic forms in the context of algebraic
groups. Many of the most important applications, however, involve a
quantitative form of the theory and this we shall discuss in the present
chapter. We shall begin with a report on the results concerning linear
forms in ordinary logarithms which refine the basic theory as described
in Chapter 2. The estimates given here are fully explicit and they are
considerably sharper than those described previously; their derivation
depends critically on the theory of multiplicity estimates on group vari-
eties in the form given in Chapter 5. In the following section we report on
generalisations to logarithms related to arbitrary commutative algebraic
groups. The best general results to date are due to Hirata-Kohno, and
more recently Gaudron, and the precision of these is now quite close
to those obtainable in the classical case. The work here arises from a
long series of earlier researches beginning with publications of Baker
and Masser in the elliptic and abelian cases and subsequently taken up
especially by Coates, Lang, Philippon and Waldschmidt. This has been
a very active area of study and there are, in particular, some significant
further contributions in the elliptic case by S. David.

It emerged surprisingly from the early work of Baker on logarithmic
forms (see [17]) that if there is a rational linear dependence relation
satisfied by logarithms of algebraic numbers then there exists such a
relation with coefficients bounded in terms of the heights of the num-
bers. In Section 7.4 we describe an important body of work that arises

149
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from this observation by again considering the general framework of
algebraic groups. The results here are due to Masser and Wiistholz
and the research was originally motivated by Faltings’ famous theorem
proving the Mordell conjecture. We shall discuss here how one obtains
in this way an effective version of the well-known Tate conjecture
which is fundamental to Faltings’ paper; in fact we shall describe an
isogeny theorem which significantly improves the corresponding result
first established by Faltings.

In Section 7.5 we shall give further applications to the arithmetical
theory of abelian varieties, in particular to the solution of a problem of
Serre on representations of Galois groups, and in Section 7.6 we shall
summarise the main implications relating to the Mordell conjecture.

7.2 Sharp estimates for logarithmic forms

‘We come now to one of the main applications of the theory of multiplicity
estimates on group varieties, namely to give a precise lower bound for
a linear form in logarithms of algebraic numbers. We apply the work of
Section 5.5 which appertains to the group variety G, x G7,. This can be
interpreted in terms of the zeros of a non-vanishing polynomial P in the

ring C[Yy, . .., Y»]. We introduce differential operators

3 O 4 —ByY BiY, A<j<r)

= b | = P j P—— J— < r b

S A T A ) /
where Bi,...,B, are rationals with B, # 0. We then consider the
equations

1 tr— :
d 9 P(s,0,....9)) =0,

where 91, ..., 9, are algebraic numbers such that their logarithms are
defined and linearly independent over the rationals. Here s is an inte-
ger with 0 < s < S and 19,...,%— are non-negative integers with

to+ -+ +t,—1 < 7. Suppose that P has degree at most D; in Y; and
that Sop > --- > S, > 0 are integers with Sp + - -- + S, < S. Suppose
further that 7y > - - - > 7, > 0 are integers with 7o+ - - - + 7, < 7. The
theory of multiplicity estimates shows that the equations above cannot
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hold if
Tn+m+1—356,., "
S, 1 ) > DIDYO ... DM
(m+ )( m+1—8m,r _(m+) 0 r
for m = 0, 1,...,r and for all my,...,m,, either O or 1, where

mg + -+ + m, = m + 1 unless there is an algebraic subgroup H of
codimension o with 1 < g < r as described in Theorem 5.7. From
(1) or (i) of Theorem 5.7 we obtain an upper bound for the degree 6;(H)
of H and Theorem 5.8 gives the estimate §;(H ) for the index ;(H ). The
discussion in Section 5.6 shows how the weighted volume of the lattice
associated with H can be expressed in terms of the 1;(H) and thus we
derive an upper bound for the volume. Now Lemma 4.7 gives a set of
primitive linear forms Ly, ..., L, inZi, ..., Z, with integer coefficients
such that

L=B\Z +- +BZ

is in the module generated by Ly, . .., L, over the rationals. On defining

Ri=> (aildL;/0zi]) (1<j<o),

i=1

where ay, ..., a, are any positive real numbers, we have either
To1+o0—1
Ry RQSQ—I( ¢ 0 _Ql > =< C(Q) max ((alpl)ml T (arDr)mr)

or the same holds with o — 1 on the left replaced by ¢ and C (o) on the right
replaced by (o0 + 1)C(0)Dy where the maxima are over all my,...,m,
as above with sum g. Here C(p) is the expression 2! 7¢(0!)?(r0)@ given
by Lemma 4.7 and we are assuming that D; < 7y for 1 < j < r, that
7, < Dy and furthermore that

|L(og ¥, ...,log )| < /S.

Let now «1,...,a, be algebraic numbers, not 0 or 1, and let
logay, ..., log «, be fixed determinations of the logarithms. Let K be the
field generated by o, ..., o, over the rationals and let d be the degree
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of K. For each « in K and any given determination of log « we define
the modified height 4’ («) by

h(a) = lrnax(h(oz) |log«l, 1),

where h(o) is the logarithm of the standard Weil height of « defined ear-
lier. In the fundamental paper [33] of Baker and Wiistholz the following
result was established concerning the linear form

L=biz1 + -+ byzs,

where by, ..., b, are integers, not all 0.

Theorem 7.1 If A = L(log vy, .. .,loga,) # O then
log|A| > —C(n,d) ' (ay) - - - b (an) W' (L),

where

C(n,d) = 18(n + D!'n" 1 (32d)"+? log(2nd).
Here we have

(L) = lmax(h(L) 1),

where h(L) is the logarithmic Weil height of L, that is d log max(|b;|/b)
with b given by the highest common factor of b; - - - b,,. The proof of the
theorem has its origin in the methods described in the earlier chapters
but it incorporates several substantially new aspects. One begins by
replacing a7, . . ., &, by a different set oe’l, ..., a. of algebraic numbers
such that their logarithms are rational linear combinations of the loga-
rithms of the original set and which satisfy a Kummer condition, that
is K(a} 2. o 1/2) has degree 2" over the ground field K. The con-
struction Combmes the classical approach begun in [31] with a technique
based on the Geometry of Numbers due to Wiistholz [262].

From the generalised Siegel lemma one obtains a polynomial
P(Yy,...,Y,) such that

o 1 7S 78
a0 |P(s,af’,...,e’) =0
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for integers s with O < s < Sandty+---+ 11 <7, where S, T
fail to satisfy the multiplicity inequalities indicated above by a small
margin. By extrapolation one extends the ranges so that the inequali-
ties become valid for another polynomial arising from the original by
Kummer descent. In view of the multiplicity estimate theory mentioned
before, it remains then only to eliminate by an inductive procedure the

condition regarding the linear forms Ly, ..., L,. The inductive proce-
dure leads to an auxiliary function in zg,...,z,—1 given by a linear
combination over A_t, Ag, . .., A, of expressions of the form

Aiit) - AWr—13tr—1) A(zo + A—13h, ko + 1, 19) MMty

where My, ..., M, are linear in z1,...,2,—1 and y1,..., y¥»— are linear

in Ag,...,Ar In this connection we work with differential operators
* * s ofyui

0y,...,0 _, satisfying

8j*Y1M S RV LTS o

which generate the same space as 91, . . ., d,—1. The extrapolation itself
follows on classical lines using the fundamental Cauchy formula but
several original features are introduced; in particular, in place of the
functions F' that occurred earlier one employs finite Blaschke products.
This significantly improves upon the numerical precision of the result.

The theorem is capable of generalisation to deal with an arbitrary
inhomogeneous linear form

:BO+,BIZI+"'+,BHZI1

with algebraic coefficients and one would expect essentially the same
estimate as given there with 4'(L) + log(d"h (1) - - - W' (ar,)) in place of
I (L); but the details have yet to be worked out. As already remarked
in Section 2.8, Theorem 7.1 has been extended to the p-adic domain in
some substantial papers by Kunrui Yu [268] and he obtains a theorem
of broadly similar shape. Further, as again discussed in Section 2.8, it is
easy to extend the theory so as, when b, # 0, to replace /' (L) by

log max{ 12| + |bj| }

1<j<n h’(oej) ()
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Thus one can show that the analogue of Sharpening II holds, namely, if
b, = 1 then

log|A| > —C(n,d) max(h/(ozl) .- -h/(a,,)l*,(SB*)
for any § > 0, where
I* = 2max(1,log(8 ' (1) - - - B (0tn—1)))

and B* = max(lbj|h’(aj)) for j = 1,2,...,n — 1. The latter result
is of particular interest in connection with the theory of rational
approximations to algebraic numbers (see Section 3.3).

As mentioned in Section 2.8 there has been some important new work
of Matveev [174] in this context. He has succeeded in replacing the
dependence on n in C(n,d) by an expression of the shape ¢" for an
absolute constant ¢. The work depends on the construction of a modi-
fied auxiliary function where the A are replaced by numbers forming a
free abelian group contained in Q" and containing Z" and furthermore
subject to a double linear restriction, one of which arises from new con-
siderations concerning the Kummer theory. The discussion rests on an
estimate for the index of Z" in the group referred to above and the best
available is currently due to Loher and Masser [148].

7.3 Analogues for algebraic groups

We now discuss briefly the extent to which the classical quantitative
theory of logarithmic forms has been carried over to deal with the general
situation of commutative group varieties. The most precise work in this
field dates back to N. Hirata-Kohno [129] and David [75]. In order to
indicate the form of Hirata-Kohno’s estimates let K be a number field
and G be a commutative group variety of dimension n defined over
K with Lie algebra Lie G. The complex points on the group G can be
considered as a complex Lie group G(C) and there is an associated
exponential map

expg: (LieG) ® C — G(C).
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We suppose that G is embedded in some projective space whence we
obtain a Weil height on G. On fixing a norm on the complex Lie algebra
we then introduce a modified Weil height 4’ analogous to the modified
height that we described in the previous section; now the norm occurs
naturally with exponent 2 since we are dealing here with meromorphic
functions of order 2 except in the case of a linear group. The basic theory
relates to a non-vanishing linear form

L(zo,...,20) = Bozo + - - + Bnzn

with coefficients in K. As before A'(L) will denote the logarithmic
Weil height of L. The linear form is evaluated at a point z9=1,
z1=u1(v),...,z, =uy(v) where uy, ..., u, is a basis for the space dual
to the Lie algebra of G and v is an element in the complex Lie algebra
such that o = exps(v) is in G(K). We now give a result which can be
deduced from the the main theorem in [129] in a straightforward way.

Theorem 7.2 There exists a positive constant C independent of v
and L which can be determined effectively and has the following
property. If

A =L u1(w),...,uy,(v)) #0

then
log |A| > —C(H (@))" (W (L) + I () (max(1, log(h (L)} (c)))"+!.

Clearly this is an inhomogeneous analogue of Theorem 7.1 which
deals with the case when G is a product of multiplicative groups. On
comparing results one sees that Theorem 7.2 is of essentially the same
shape as that obtainable for ordinary logarithms except for the second
order term appearing to the power n+ 1. The main novelty in the proof is
the introduction of a further auxiliary additive group in the definition of G
and this leads to a substantial improvement on previous results in the field
which involved powers of #’(L) depending on n. The principal problem
in this area until recently was to eliminate the second order term involv-
ing 4’ (L) from the estimate in Theorem 7.2. This was solved by Gaudron
[101] (see also David and Hirata-Kohno [76] for an earlier announce-
ment in the elliptic case) using some new ideas involving a change
of variables method which he attributes to G. V. Chudnovsky. Thus he
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showed that log |A| > — ¢ A’ (L) for some ¢ = c¢(«) > 0; the estimate is
best possible in terms of the height of L and it is the precise analogue of
the classical logarithmic form inequality given by Theorem 2.5.

The constant C in Theorem 7.2 has a much more complicated struc-
ture than the expression C(n,d) occurring in the last section. One
reason is that the group itself depends on parameters related to moduli
spaces which must naturally appear in C. Also the projective embedding
depends on parameters associated with Picard groups and these too have
to appear in C. Finally we made a choice of the metric on the complex
Lie algebra of G and this again will be reflected in the constant. As far
as we are aware the only detail relating to C that so far has been worked
out explicitly is the dependence on the degree d of K and this appears
as a power of d just as in Theorem 7.1.

In the special case when G is a product of elliptic curves, a fully
explicit expression for C has been worked out in David’s paper [75]
cited above. The result has been applied to yield an alternative method
for finding all the integer points on a given elliptic curve in Weierstrass
form defined over the field of rational numbers. The approach is in
some respects more direct than the original technique as described in
Chaper 3 which involved reduction to S-unit equations and linear forms
in ordinary logarithms but it requires the knowledge of an explicit set
of generators for the basis of the Mordell-Weil group. In general, as is
well known, the Mordell-Weil theorem is ineffective in this respect but
some efficient algorithms are known in practice which usually yield the
desired computation.

The elliptic logarithm method depends on the fact that the Weil
height 4(P) of an integral point P varies as —3§(P,0) where § denotes a
logarithmic distance function and O is the neutral element on the curve.
This follows for instance from elementary properties of the Weierstrass
function which furnishes the exponential map. By the Mordell-Weil
theorem we can write

P=mPy+---+mPr+0,

where Py, ..., P, is abasis for the group of rational points and Q is in the
torsion subgroup. On taking elliptic logarithms the equation becomes

U = mvy +"'+mrvr+(m/Q)w+(m//Q)w/
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for basis elements w, o’ of the period lattice and integers m, m’, g with g
dividing the order of the torsion group. Now, as is well known from the
theory of the Néron—Tate height, the maximum B of the absolute values
of the m satisfies B < (h(P))'/?, assuming that v, vy, . . . , v, are chosen in
the fundamental domain. On applying Theorem 7.2 in the elliptic case we
get a lower bound for log |v| that varies as —(log B) (log log B)* where
depends linearly on r. We fix the function §, as we may, so that 6 (P,0) =
log |v|, and then it follows that 2(P) < (log h(P))(loglog h(P))*. This
gives abound for #(P) depending on, amongst other things, the heights of
a set of generators for the Mordell-Weil group. Hence, in the cases when
one is able to find a suitable set of generators, an appeal to S. David’s
explicit expression for C, together with computational techniques of the
kind described in Section 3.5, shows that all integer points P on the
curve can be determined effectively.

The method just described was first successfully applied by Stroeker
and Tzanakis [240] and, at about the same time, by Gebel, Peth6 and
Zimmer [102]. For instance, in [240], the authors gave the complete set
of solutions in integers x, y of the equation

y? = (x + 337)(x* + 337%);

in this case it turns out that the rank of the Mordell-Weil group is 3
and a complete set of generators can be determined explicitly. Another
example, from [102], is the equation

y? = x3 — 1642032x + 628747920

where there is a basis consisting of six integer points. The elliptic loga-
rithm method has been widely developed and there is a good discussion
of its ramifications in the survey article of Gy6ry [123]. In particular,
as mentioned there, the condition that the elliptic curve has Weierstrass
form can be relaxed, the work can be extended to number fields and to
S-integral points and moreover to certain quartic equations; for further
details see the book by Smart [232].

We remark that there is a close connection here with Siegel’s famous
theorem on the finiteness of the number of integer points on curves of
genus at least 1. Siegel too appealed to the Mordell-Weil theorem but
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his argument took a different path to that described above, involving
coverings and the Thue—Siegel theorem. Now that we have a theory of
linear forms in abelian logarithms, a more direct proof of Siegel’s theo-
rem can be given following the above approach. It shows, in particular,
that an effective Mordell-Weil theorem would imply an effective Siegel
theorem. It is of interest to note that there was already some indication
of this train of argument in a paper of Lang [135].

Finally we mention that there is an extensive literature on analogues
of logarithmic form results in the context of Drinfeld modules; for basic
references see the papers by Brownawell [60], by Jing Yu [266] and
the book by Thakur [242]. In particular Bosser [53] gives analogues
for Drinfeld logarithms of the theorems of Hirata-Kohno and David
referred to at the beginning of this section and there is definitive work
on algebraic relations among the values of the I'-function by Anderson,
Brownawell and Papanikolas [5].

7.4 Isogeny theorems

In the past two decades transcendence theory has developed very pow-
erful tools in order to deal with Diophantine questions. One striking
example was Shafarevich’s theorem on the finiteness of the number
of isogeny classes of elliptic curves over a number field with good
reduction outside a finite set of finite places. Here the problem of
bounding this number was reduced to the famous Mordell equation
y? = x3 4+ k for which effective upper bounds for the height of the solu-
tions in terms of & were given using the theory of linear forms in
logarithms (see Section 3.3). Another example is the proof of Tate’s
conjecture in the special case of elliptic curves over the field of ratio-
nal numbers given by D. V. and G. V. Chudnovsky [65]. An entirely
new method was found by Masser and Wiistholz [168] leading to a
proof of Tate’s conjecture for elliptic curves in general; the approach
is based on linear forms in elliptic logarithms. It gives an estimate for
isogenies between elliptic curves from which Shafarevich’s theorem fol-
lows readily. In order to state the result, let £ be the elliptic curve with
equation

¥ =4 — gox — g3,
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where g», g3 are elements of an algebraic number field K with degree
d. We define the height of E by

h(E) = max (1, h(g2), h(g3)),
where /(g) denotes the absolute logarithmic Weil height of g.

Theorem 7.3 (Elliptic isogeny theorem) There exists an effectively
computable positive number C = C(d) such that if E' is an elliptic
curve over K isogenous to E then there is an isogeny ¢ between E and
E' with

degy < C(h(E))*.

Here E and E’ are said to be isogenous if there is a homomorphism ¢
from E to E’ with finite kernel; the degree of the isogeny ¢ is the number
of elements in the kernel. A notable feature of the theorem is the fact
that C depends on the degree rather than on the discriminant of K as was
initially expected by some experts in the field. An improvement in the
result, replacing 4 by 2 in the exponent, was obtained by Pellarin [190]
and here an estimate for C was calculated explicitly. As an application of
Theorem 7.3, Masser and Wiistholz [167] obtained the effective bound
C (h(E))8 for the number of K-isomorphism classes of elliptic curves
that are defined over K and are K-isomorphic to E.

The idea of the proof is very simple to explain. Let 2 and @ be the
period lattices for E and E’ respectively. Then an isogeny ¢ induces a
homomorphism ¢, from €2 to €. Hence one obtains an algebraic number
o = a(p) with

a € Q.

This gives a set of dependence relations
aw; = mjoy + mpw (i =1,2),

where w1, wy and w|, o) are a basis for Q and Q' respectively. By tran-
scendence methods based on the observation mentioned in Section 7.1
one obtains new relations with bounds for the m;; depending only on
d and h(E). The relations give then a new isogeny ¢ with bounds on
the degree as stated in the theorem. The basic structure of the argument
generalises to higher dimensional abelian varieties but many technical
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problems arise. Masser and Wiistholz [170, 171] succeeded in overcom-
ing these and thus established the desired abelian analogue of Theorem
7.3. It is given by Theorem 7.5 below.

The main ingredient in the proof of the latter is a quantitative version
of the analytic subgroup theorem. Let A be an abelian variety over K with
dimension g and with Faltings height ir (A) (see [94]). Further, let L be a
positive element in (Pic A) (K) so that L is a polarisation and determines
an Hermitian form H on the complex vector space V = Lie ®xC. Then
the complex points A(C) of A form a complex manifold isomorphic to
V/A for some lattice A C V. By construction, the imaginary part E of
H is integer valued on A and non-degenerate. We choose a symplectic
basis yi,..., Vg, 81,...,08, for A and this determines a point T = (t;j)
in the Siegel upper half-plane H by the equations

8
= s (1<j<g).
i=1

Now the matrix ¢ = (E(y;,3;)) is diagonal and the period matrix for A
is given by the g x 2g matrix (¢, 7). The degree dj, of the polarisation
L is defined as the square of the determinant of €. For ® € A we take
B, to be the smallest abelian subvariety B such that w € (Lie B) @k C
where K’ is the field of definition of B. Then we have the following
result.

Theorem 7.4 (Quantitative analytic subgroup theorem) There exist
effectively computable numbers C and c such that

deg B, < C(hp(A) + H(w, ).

Here . (A) is the modified Faltings height given by max(l,hr(A));
further C depends only on g, d and dy, and ¢ depends only on g.

We have stated the theorem in terms of the Faltings height iz (A) since
this is an intrinsic quantity attached to an abelian variety. However, the
result can be expressed alternatively in terms of the theta-height /7 (A)
which is a direct analogue of the height of an elliptic curve defined earlier.
The quantities can be related by way of the theory of moduli spaces and
it turns out that Az (A) is equal to drhr(A) up to a second order term.
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Further, by the Geometry of Numbers, one can find a basis vy, . . ., wxg
for the period lattice A such that if w = w; then H (w, w) is bounded in
terms of h% (A); for such a basis element, the conclusion of the theorem
simply takes the formdeg B, < C (h; (A))C and this is the result we shall
use subsequently. We remark also that the theorem is almost certainly
capable of generalisation to an unrestricted commutative group variety
and an arbitrary logarithm of an algebraic point rather than just a period
vector as here; however, the details remain to be worked out. The proof
of Theorem 7.4 runs on the same lines as that of the analytic subgroup
theorem but it involves, necessarily, the development of a theory of
Siegel modular forms and theta-functions for this particular context;
this was accomplished in the paper of Masser and Wiistholz [170]. The
dependence of C on the dimension g in the latter work was not clearly
effective but Bost [54] made it evident that an explicit expression could
in fact be obtained.

Now let A be an abelian variety with dimension g and with a polar-
isation L as above. It is shown in [171] that Theorem 7.4 yields the
following result.

Theorem 7.5 (Isogeny theorem) There exist effectively computable
positive numbers C and ¢ such that if A’ is an abelian variety over K
isogenous to A and if L is a polarisation on A’ then there is an isogeny
@ from A to A" with

degg < C(hp(A)",

where C depends only on g, d, di and dy,;, and ¢ depends only on g.

As in the elliptic case, we say that abelian varieties A and A’ are
isogenous if there is a homomorphism ¢ from A to A’ with finite kernel;
the degree of ¢ is defined as the cardinality of the kernel. Note that the
definition here does not involve any reference to polarisations. In fact
it seems almost certain that the theorem can be expressed completely
independently of L and L’. This would follow immediately if the degree
of some polarisation on an abelian variety A could be estimated from
above in terms of /. (A) and such a bound has already been obtained
in most cases; the problem is connected with Albert’s classification of
algebras with positive involution.
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For the proof of Theorem 7.5 one begins by choosing a minimal
isogeny ¥ from A to A" and, as in the case of elliptic curves, one takes
period lattices A and A’ and obtains a set of dependence relations
between the periods of A and the periods of A’. More precisely, if
®1,..., w3 and oy, ..., ), denote bases for A and A’ then for each
® = wj one gets an equation

’ /
x(w) = mwy; + -+ Mgy,

where ¢, is the tangent map and my,...,mp, are integers. Thus the
vector = (w, w1, ..., w2g) is non-zero and is contained in a subspace
of Lie G with G = A x A'*¢; the subspace is defined by equations of
the form

/ /
(V) = mvy + -+ MgV

where v is in LieA and vj,...,v} . belong to LieA’. By the ver-
sion of Theorem 7.4 discussed above we have the estimate deg B, <
C(1}(G))°. Now, by the additive property of the Faltings height, 7},(G)
is bounded in terms of h} (A). Further, one can construct from B;, the
graph of an isogeny from B’ to B where B and B’ are abelian subvarieties
of A and A’ respectively. Furthermore, the estimate above implies that
the degree of the isogeny and the degrees of the polarisations induced
on B and B’ are all bounded in terms of deg B,,. Theorem 7.5 follows in
the case when A is simple and the general conclusion can be reduced to
this by induction (see [171]).

7.5 Discriminants, polarisations and Galois groups

In this section we shall discuss three applications of Theorems 7.4 and
7.5. Firstly we shall give an estimate for the discriminant of the ring of
endomorphisms of an abelian variety associated with some fixed polar-
isation. Secondly we shall use the result to establish the existence of a
polarisation with degree bounded in terms of a power of the Faltings
height. Finally we shall discuss an application of the isogeny theorem to
Galois representations attached to an elliptic curve and the connection
with a problem of Serre.
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Let A be an abelian variety over a number field K of degree d, let g
be the dimension of A and let L be a polarisation on A. In analogy with
the usual discriminant of a number field, Masser and Wiistholz [172]
introduce a discriminant Dy, > 0 for the ring of endomorphisms End A
of A using the Rosati involution and the reduced trace (see [184]). They
then establish the following result.

Theorem 7.6 (Discriminant theorem) There exist effectively com-
putable positive numbers C and c such that

Dy < C(Hp(A))°,

where C depends only on g,d and dy, and c depends only on g.

For the proof, one assumes first that A is a simple abelian variety and
one chooses an endomorphism of A. Then, as in Theorem 7.5, this gives
a set of period relations which is utilised to define a linear subspace of
Lie G with G = A?¢*! By Theorem 7.4, there is an abelian subvariety of
G with degree bounded in terms of ir (A); the existence of this subvariety
enables us to construct endomorphisms of A which, by varying the period
w, generate a sublattice of End A. Now the construction furnishes a bound
for the degrees of these generators in terms of /ir(A) and thus a similar
bound for the discriminant of the sublattice. Since the discriminant of
a lattice does not exceed that of a sublattice, the theorem follows at
once for simple abelian varieties; the general result is then obtained by
induction.

The bound for the discriminant Dy, in Theorem 7.6 depends on df,
and an obvious question arises as to whether there exists a polarisation
L defined over K whose degree dy can be bounded in terms of d, g and
hr(A). A positive answer to this question in the simplest case is given
by the following theorem established by Masser and Wiistholz [173].

Theorem 7.7 (Polarisation theorem) Suppose that End A = Z. Then
there exist effectively computable positive numbers C and ¢ and a
polarisation L of A with degree dy, satisfying

dp < C(hp(A))",

where C depends only on g and d, and c depends only on g.
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Plainly, in view of Theorem 7.7, the number C in Theorem 7.5 in
the case when End A = 7Z can be determined in terms of g and d only.
The proof of Theorem 7.7 is an application of Theorem 7.5 but there
are several novel ingredients; in particular, the Geometry of Numbers
plays an important role. In later work, as yet unpublished, Masser and
Wiistholz deal with more general endomorphism rings and here the the-
ory of involution algebras is utilised. It remains an open question as to
whether Theorem 7.7 holds for arbitrary abelian varieties defined over
an algebraic number field and moreover whether a bound for dy, exists
that does not involve hg (A).

Finally we remark that the isogeny theorem has been applied to a
problem of Serre concerning Galois representations attached to elliptic
curves. Let K be a number field, let K be its algebraic closure and let
7 = Gal(K/K). If E is an elliptic curve defined over K then 7 acts on
the K-rational points E(K) of E and, in particular, on the group E; of
points of order dividing £. When £ is a prime number, E; is a vector
space over the finite field F; = Z/£7Z and, by the action of 7, we obtain
a representation g¢: m — GL(Ey). In the case when E does not have
complex multiplication over KK, a fundamental result of Serre [217, 218]
asserts that there exists a constant £o > 0 such that o, (w) = GL(E;) for
all £ > £p. The proof depends on the theory of ¢-adic representations
and is ineffective, that is, it does not enable a general estimate for £g to
be written down. Serre gave a number of effective examples and results
for special classes of elliptic curves; for instance, he obtained in [218] a
simple estimate for £) when K = Q and E is semistable and later, in [219],
he removed the semistability condition by assuming the generalised
Riemann hypothesis. Masser and Wiistholz [169] succeeded in giving
the first demonstration leading to a general and effective estimate for £.
Their result followed fairly readily from Theorem 7.3 together with a
consideration of isogenies of two-dimensional abelian varieties and the
group theoretical analysis of Serre [218]. In the case when ¢ does not
divide the discriminant of K, the lower bound ¢ for ¢ takes the form
C(max(d, h))¢, where h is the absolute logarithmic Weil height of the
j-invariant of E (so that the result holds with 2 = h(E) when E has the
Weierstrass equation as in Section 7.4) and C, ¢ are absolute positive
constants.
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7.6 The Mordell and Tate conjectures

Mordell conjectured that any curve of genus at least 2 defined over the
rationals has only a finite number of rational points. This contrasts with
the cases of genus 0 and 1 where it is classically known that there can be
infinitely many such points. Indeed Mordell [181] himself established
a famous result in this context to the effect that the group of rational
points on a curve of genus 1 is finitely generated. The problem became
one of the fundamental goals in Diophantine geometry. After earlier
work of Manin and Grauert in the function field case, Faltings [90] suc-
ceeded in 1983 in establishing Mordell’s conjecture and, in fact, his work
applied to any curve of genus at least 2 defined over an algebraic number
field. Faltings’ argument involved deep results from arithmetic algebraic
geometry including the theory of moduli spaces and the representation
theory of finite group schemes going back to Raynaud. Moreover, a
crucial step in the proof was the verification of a celebrated conjecture
of Tate [241] on modules over the /-adic numbers associated with an
abelian variety (see e.g. Lang [138]).

The isogeny theorem discussed above leads to a new and more direct
proof of Faltings’ theorem. In fact it gives an immediate verification
of Tate’s conjecture quite different from that originally discovered by
Faltings. The connection with isogenies used here was apparently first
described by Lichtenbaum; see the discussion in Tate [241]. Indeed an
assertion closely related to Theorem 7.5 appeared as a hypothesis in
[241] long before Masser and Wiistholz proved their theorem.

The isogeny theorem also allows one to simplify Faltings’ original
train of argument linking Tate’s conjecture with the Mordell conjecture;
this rested on a construction of Kodaira and Parshin. Principally, the
theorem enables one to show that an isogeny class contains only finitely
many isomorphism classes of abelian varieties with good reduction out-
side a finite set of places. The latter eliminates much of the sophistication
associated with moduli spaces and the Faltings height occurring in [90].
Furthermore, the Masser—Wiistholz argument furnishes a new proof of
a conjecture originally formulated by Shafarevich on the finiteness of
the total number of all such isomorphism classes. Shafarevich himself
outlined a proof in the case of elliptic curves and the conjecture was
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confirmed in general as a component of Faltings’ work; in fact Faltings
showed that Shafarevich’s conjecture follows as a consequence of Tate’s
conjecture. However, neither Shafarevich’s approach in the elliptic case
nor that of Faltings in general is effective and it is only as a consequence
of the transcendence method of proof of Theorem 7.5 that one can now
give an effective finiteness theorem (see [171]).

It seems likely that this area of study will prove capable of much wider
geometrical interpretation as has already been indicated in the article of
Bost [54].



8

Further aspects of Diophantine geometry

8.1 Introduction

There is a clear division in mathematics between results that one terms
‘effective’ and others that one terms ‘ineffective’. Most of the material
discussed so far in this book relates to the theory of logarithmic forms
and this is certainly effective. The typical case is an application to a
Diophantine equation and here the theory leads in general to an explicit
bound for all the integer variables, whence the complete solution can be
determined in principle (and often in practice) by a finite amount of com-
putation. There is however a substantial body of work in Diophantine
geometry and elsewhere which enables one to decide whether there are
finitely or infinitely many solutions to a particular problem, and indeed
in general to give an estimate for the number of solutions when finite,
but which cannot in principle lead to a complete determination. It is
consequently termed ‘ineffective’. Some famous instances here are the
Schmidt subspace theorem, Faltings’ theorem on the Mordell conjecture
and Siegel’s theorem on the class number of imaginary quadratic fields.
Historically these have been important in the overall evolution of math-
ematics and to conclude our book we give a short discussion of some of
these topics.

8.2 The Schmidt subspace theorem

In 1972 W. M. Schmidt [209] (see also [210]) obtained a far-reaching
generalisation of the Thue—Siegel-Roth theorem, that is Theorem 1.7,
relating to simultaneous Diophantine approximation. Let L1, ..., L, be

167
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n > 2 linearly independent linear forms in xi,...,x, with algebraic
coefficients. Suppose that § > 0 and consider the inequality

IL1(x) - - - Ly(®)| < [x|7°,

where X = (x1,...,x,) and |x| = (x% 4+ o+ xﬁ)l/z. Then Schmidt
proved the following.

Theorem 8.1 There exists a finite set Ty, ..., T; of proper linear sub-
spaces of Q" such that all solutions of the above inequality in integers
X1,...,Xp are contained in the union of Ty, . .., T.

The particular case when L} = xp — ax1, Lo = x1 shows at once that
the inequality |L1Ly| < max(|xq], Ix2))~% has only finitely many solu-
tions in non-zero integers x1, x; unless « is rational; this is just Theorem
1.7. More generally, on taking o1, . .., &, as algebraic numbers and

Ly =xp —apxy — - — X, Lo =Xx1,...,Ly = X,
where n = m + 1, we deduce that the inequality
1+6 1
|1 < - Xpm xiar + -+ xpom |l <

has only finitely many solutions in non-zero integers xp, . . . , X,; unless 1,
oy,. .., are linearly dependent over the rationals; here x| denotes
the distance of x to the nearest integer, taken positively. This is the
basic Schmidtresult on simultaneous rational approximation to algebraic
numbers; it is discussed and a proof is given in [25, Ch. 7].

The main applications of Theorem 8.1 together with its natural gen-
eralisations to the p-adic domain have been to studies on norm form
equations, on unit equations and on linear recurrence sequences. As a
particular instance we mention the work of Evertse, Schlickewei and
Schmidt [89] which gives a bound for the number of solutions of the
equation

aix; + -+ apx, =1
in which it is assumed that no proper subsum on the left vanishes; here

the elements xi, .. .,x, lie in a subgroup of (K*)" of finite rank where
K* is the multiplicative group of non-zero elements of an algebraically
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closed field K of characteristic zero. For extensive discussion of this area
of work see the papers of Schlickewei and Schmidt in [3, pp. 107-247].

The proof of Theorem 8.1 as given originally by Schmidt was based
on the classical work of Thue, Siegel, Schneider, Gelfond, Dyson and
Roth as referred to in Section 1.1. They considered a single algebraic
irrationality « and studied the question as to the real exponents s for
which there exist only finitely many coprime integers p, ¢ with g > 0
and with

lo —p/ql <q ”.

The method that they developed consisted in choosing a sequence of
pairs p,, g, satistfying the inequality and such that

log gn41 > log g

with a sufficiently large implied constant on the right. This can be done
if one assumes that the inequality has infinitely many solutions p, g. One
fixes m such solutions for some sufficiently large integer m and one then
chooses positive integers dj, . . ., d,, such that

dj log qj ~ diloggq.

This enables a polynomial P(xi,...,X,) to be constructed with inte-
ger coefficients and with degree d; in x; such that P vanishes at
(a, ..., ) to a high weighted order, termed the index of P. The deriva-
tions 9/0xy, ..., d/dx, have different weights 1/d1,...,1/d, and the
multiplicity is taken with weights. Using the assumed approximations
P1/9q1s - - - » Pm/qm one shows that P continues to have a positive index at
the point (p1/q1, - - - s Pm/qm)- To complete the proof of Theorem 1.7 one
has to demonstrate that the latter cannot happen and this is the content
of the classical Roth lemma utilising generalised Wronskians; an alter-
native approach based on Dyson [81] was later given by Vojta [249].
Schmidt followed the same approach but utilised polynomials P in kn
variables x;,, (1 <[ < k, 1 < m < n), homogeneous in Xxi,,, ..., X
for each m. The index is now defined in terms of n-fold products of
subspaces T, . .., T, of QF and extensive use is made of the Geometry
of Numbers, in particular, the theory of successive minima. We refer to
[3, pp. 107-170] and also to [48] for detailed discussions.
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8.3 Faltings’ product theorem

Anew proof of Theorem 8.1, substantially different from that of Schmidt,
was given by Faltings and Wiistholz [93]. In particular, they replaced
the Roth lemma by a deep generalisation, termed the Faltings product
theorem [91]. This is a result about the vanishing of multihomogeneous
polynomials on products of projective spaces and it has its origins in
work of Vojta [249] in 1987.

Vojta succeeded in making the Thue—Siegel-Roth method work in a
more geometrical situation by replacing the underlying space P! with
an arbitrary curve of genus g > 1. The existence of infinitely many
rational points on such a curve leads to certain Diophantine inequal-
ities analogous to the inequality for « — p/gq above and, by way of
Arakelov theory and an arithmetic Riemann—Roch theorem, he con-
structed a section of a certain line bundle on the product of the curve
with itself. The section replaces the polynomial P from above and it van-
ishes to a certain weighted order; Vojta showed that this cannot happen
by utilising a version of the Dyson lemma due to Viola.

Shortly afterwards Faltings generalised Vojta’s geometric method in
an ingenious way. He replaced the product of two copies of a single
curve by a product of any number of copies of an abelian variety and
thus he was able to prove a conjecture of Weil and Lang to the effect that
a subvariety of an abelian variety defined over a number field K contains
only finitely many K-rational points unless it is a translate of a positive
dimensional abelian subvariety. This result contains the Mordell con-
jecture discussed in Section 7.6; indeed any curve of genus >1 can be
embedded as a subvariety into its Jacobian and, since the genus condi-
tion implies that the curve cannot be a translate as above, it follows that
there are only finitely many rational points. The same techniques enabled
Faltings to prove a Diophantine approximation theorem on abelian vari-
eties and thus he deduced another conjecture of Lang, namely that
Siegel’s result on integral points on curves (see Section 3.4) remains
true for an affine open subset of an abelian variety. Moreover, Vojta
[251] succeeded in extending everything to semi-abelian varieties, that
is extensions of abelian varieties by tori. One of the main problems in this
context was to find a general replacement of the Dyson lemma in order
to bound the weighted multiplicity of a section of a multihomogeneous
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line bundle, that is, the so-called Faltings bundle. Faltings succeeded in
overcoming the problem by establishing his product theorem.

It turns out that there is a close connection between the product the-
orem and the theory of multiplicity estimates on group varieties as
discussed in earlier chapters. Thus, for instance, there is an effective
version of the product theorem due to Ferretti [99] and the proof here
uses arithmetic intersection theory, in particular a kind of arithmetic
Bezout theorem, as well as results of Masser and Wiistholz [166]
concerning an effective ideal theory and a result of Wiistholz [263]
relating to the computation of multiplicities of the primary components
of ideals.

8.4 The André-QOort conjecture

Faltings’ theorem referred to above which verified the Weil-Lang con-
jecture on rational points on subvarieties of abelian varieties can be seen
as a basic result relating number theory and geometry. It shows indeed
that an arbitrary set S of K-rational points on an abelian variety over K
determines the geometric structure of its Zariski closure S. For clearly
S is a finite union of subvarieties defined over K and, by Faltings’ the-
orem, the components are all translates of abelian subvarieties by some
point of S.

This intimate relation between number theory and geometry appears
again in the context of Shimura varieties. They were introduced in order
to study moduli problems for abelian varieties with prescribed endomor-
phism algebras and the modern theories originate from work of Deligne
in the 1970s. The simplest example is the moduli space of elliptic curves
typically denoted by X(1); it is given by the quotient of the upper half-
plane by the modular group SL>(Z) and the classical j-function gives an
isomorphism of X (1) to the affine line. Other examples are the Siegel
and Hilbert modular varieties typically denoted by A, and H,; these
classify respectively abelian varieties of dimension g with a principal
polarisation and with an endomorphism algebra containing a totally real
number field. Deligne showed that every Shimura variety can be defined
over a unique number field which is termed the reflex field of the vari-
ety. Further, he introduced the notion of ‘special points’; these form a
dense subset of the Q-rational points on the variety and each special
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point corresponds to a Shimura subvariety of dimension 0. The special
points in the case of Xy (1) parametrise the elliptic curves with complex
multiplication and are represented in the upper half-plane by imaginary
quadratic numbers. Similarly one can characterise special points on A,
and H,; they correspond to abelian varieties with complex multipli-
cation and, in the case of H,, they are the so-called Heegner points.
Deligne showed that the set of special points on a Shimura variety is
dense with respect to the complex topology. Clearly it is invariant under
the action of the absolute Galois group of the reflex field and moreover,
as is easily seen, it is also invariant under the action of the Hecke algebra
of the group associated with the Shimura variety.

In analogy with the observation at the beginning of this section about
the geometric structure of the Zariski closure S of the set S indicated
there, we now consider a set S of special points on a Shimura variety.
André in 1989 and, independently, Oort in 1994 conjectured that the irre-
ducible components of S are Shimura subvarieties of Hodge type; this
means that they are irreducible components of images of Shimura sub-
varieties by Hecke operators. The first result in support of the conjecture
was obtained by André [6] in 1998; he verified the simplest non-trivial
case of the assertion namely when the Shimura variety is the moduli
space Xp(1) x Xo(1) of products of two elliptic curves. In this instance
the function j x j gives an isomorphism to the affine plane and the
Shimura subvarieties comprise the modular curves Xo(N) for integers
N > 1 in conjunction with the horizontal and vertical axes. Here Xo(N)
is defined by the classical modular equation relating j(z) and j(Nz) and a
point on the curve corresponds to a pair of elliptic curves together with
a cyclic isogeny of degree N. André’s proof rested on classical class
field theory and he made a critical appeal to an approximation result of
Masser concerning numbers 7 such that j(t) is algebraic to complete his
argument. Independently and at around the same time, Edixhoven [82]
gave a totally different demonstration of the result by way of the theory
of modular curves and Hecke operators but he assumed here the validity
of the generalised Riemann hypothesis for imaginary quadratic fields.

Subsequently André and Edixhoven extended their proofs to Hilbert
modular surfaces and more recently Edixhoven and Yafaev [83] have
succeeded in proving the André—Oort conjecture in the case when S is
contained in the Hecke orbit of a single special point. The latter study
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was motivated by a paper [257] of Wolfart on algebraic values of hyper-
geometric functions; it turned out, as observed by Gubler, that the proof
of Wolfart’s theorem in [257] was not correct but Cohen and Wiistholz
[74] showed that one could restore the result if one could verify a weak
form of the André—Oort conjecture and this was proved in the work of
Edixhoven and Yafaev. We shall discuss the transcendence background
to the hypergeometric theory in the next section.

Finally we remark that the André—Oort conjecture remains an object
of intensive study and there is valuable new work in this context by
Yafaev and Klingler. It involves the equidistribution theory on semi-
abelian varieties that originated during the last decade from researches
of Szpiro, Zhang and others and the extension of this theory to Hecke
orbits on connected linear algebraic groups by Clozel, Oh and Ullmo.
The latter has been applied by Pink in the context of mixed Shimura
varieties to throw interesting light on attempts to unify all the conjectures
of Mordell and André—Oort type.

8.5 Hypergeometric functions

Transcendental functions can be expected in general to take transcenden-
tal values at algebraic values of the argument. But there are exceptions.
The simplest example is given by the transcendental function "%
which, for rational z, is a root of unity. Nonetheless, by the Gelfond-
Schneider theorem (see Section 2.2), if z is an algebraic irrational, then
€ (= (—=1)?) is indeed transcendental. In other words, the rational
numbers can be characterised as the complex numbers z for which the
functions z and e™* are both algebraic. Another example is given by
the classical j-function. As mentioned in Section 2.3, it follows from
a theorem of Schneider that the imaginary quadratic numbers can be
characterised as the complex numbers z for which the functions z and
j(z) simultaneously take algebraic values. The latter result has been
greatly generalised by Shiga and Wolfart [223] and by Cohen [73]; they
considered the map t which associates with an abelian variety A of
dimension g the normalised period matrix T(A) = Q 1(A)22(A) 7 in
the Siegel upper half-plane §),. Here Q2(A) = (£21(A), 22(A)) is the
matrix of period vectors of the abelian variety with respect to a basis for
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the space of translation invariant holomorphic 1-forms. They proved that
the fields of definition of A and 7 (A) are both algebraic if and only if A
has complex multiplication by a CM-field; in this case 7 (A) is diagonal-
isable and the diagonal elements together with their complex conjugates
give a basis of a number field of degree 2g which is the associated
CM-field.

If one considers the period map €2(A) in non-normalised form rather
than the normalised period matrix t(A) as above, then one is led
to the theory of hypergeometric functions and the problem of deter-
mining when the functions assume algebraic values is more difficult.
Hypergeometric theory dates back to Gauss and it was extensively devel-
oped by Schwarz, Klein and Poincaré in the nineteenth century; their
researches gave rise, in particular, to some important new geometric
aspects. Recently the subject has been significantly applied by Deligne,
Mostow and Margulis in connection with the arithmeticity of lattices, by
Hirzebruch in studies relating to algebraic surfaces and by Gelfand,
Kapranov and Zelevinsky in mathematical physics. In 1988 Wolfart
[257] made the surprising discovery that certain classical hypergeo-
metric functions have transcendence properties similar to those of the
functions €% and j(z) referred to above; we shall now give a brief
description of this work, showing how it relates to the André—Oort
conjecture and to the analytic subgroup theorem.

The hypergeometric function of Gauss is defined by

a(a+ 1)b(b+1) 24 ..

ab
F ’ba s =1 - S
(a,b,c;z2) +Cz—|— et D) Z

where a, b, c are real numbers with ¢ not zero or a negative integer. In
the case when a, b, ¢ are rational, which we shall subsequently assume,
there is a classical integral representation

1 1
F(a,b,c;z) / w(0) = / w(2),
0 0
where w (z) is the rational differential form defined by

ub—l(l _ u)c—b—l(l _ zu)_adu
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and w(0) is this differential form with z = 0. The function F (a, b, ¢; 2)
is multivalued and satisfies the linear differential equation

d*F dF
(l1-2)—F +(—-(@+b+1Dz)—— —abF =0.
dz dz

This is of Fuchsian type with singularities only at 0, 1 and co; we write
for brevity X = P! \{0, 1, 0o} and as usual we denote by X (C) the set of
complex points of X . The solution space of the differential equation in a
neighbourhood of each z € X (C) has dimension 2 and analytic contin-
uation of a pair of linearly independent solutions along any closed path
gives anew pair of solutions which can be expressed in terms of the origi-
nal solution. This defines an invertible 2 x 2 matrix with algebraic integer
coefficients and furnishes a representation of the fundamental group of
X = X (C)inSLy(R); the representation is referred to as the monodromy
representation and its image is called the monodromy group.

The differential form w(z) determines a non-singular algebraic curve
C(z) = C(a, b, c; z) on which w(z) is holomorphic, assuming some natu-
ral restrictions on a, b, c. If the genus of C(z) is positive then the Jacobian
contains a uniquely determined abelian subvariety A(z) = A(a, b, c;2)
with dimension ¢(q) where ¢ is the least common denominator of a,
b, c and where ¢ is the Euler totient-function. Similarly the differential
form w (0) defines an abelian variety A(0) = A(a, b, c; 0) with dimension
%(p(q). Now, both the abelian varieties A(z) and A(0) have an endomor-
phism algebra which contains an order in the cyclotomic field Q(¢,)
with ¢, a primitive gth root of unity. Further, the integral equation above
can be expressed as a vanishing abelian logarithmic form and if both z
and F'(a, b, c; 7) are algebraic numbers then the associated abelian vari-
ety and the coefficients of the form are algebraic. The analytic subgroup
theorem (see Theorem 6.1) now shows that there is a non-zero homo-
morphism from A(z) onto A(0) and this implies that A(z) is isogenous to
a product A(0) x B(0) where B(0) is an abelian variety which, like A(0),
has complex multiplication by an order in Q(¢,). Thus we deduce that
the normalized period matrix 7(z) = 7(A(z)) in $), defines a special
point in the Siegel modular variety associated with $), and the latter is
contained in the image of X under the map 7. Since 7(X) is a curve,
the Edixhoven—Yafaev theorem (see [74, 83]) implies that, if there are
infinitely many z with both z and F(a, b, c; z) algebraic, then t(X) is a
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Shimura curve. In this case the monodromy representation is arithmetic
and, by a well-known theorem of Takeuchi, there are then precisely 85
triples (a, b, ¢); the corresponding hypergeometric functions are tran-
scendental functions and, by Wolfart [257] and the remarks above, the
z in question form a cyclotomic field. It remains to consider the case
when the genus of C(z) is 0; in this instance the differential form w(z)
is exact, the hypergeometric function is an algebraic function and, by
a classical result of Schwarz, this is equivalent to the property that the
monodromy group is finite. In summary, we see that the set of complex
numbers z for which z and F(a, b, c; z) are both algebraic is @ if and
only if the monodromy group is finite, it is a cyclotomic field if and
only if the monodromy group is arithmetic and it is a finite set in all
other cases.

8.6 The Manin—-Mumford conjecture

In the 1960s, prior to Faltings’ proof of the Mordell conjecture as dis-
cussed in Section 7.6, there were significant papers in this context by
Manin [160] and by Mumford [183]. They were led to a question on tor-
sion points on curves, regarded as embedded in their Jacobians, and this
has come to be recognised as a research topic in Diophantine geometry
in its own right. Specifically, the Manin—Mumford conjecture asserts
that any irreducible curve defined over a field of characteristic 0 which
contains infinitely many torsion points must necessarily be elliptic. The
subject was taken up by Lang [136] and here he formulated a more gen-
eral assertion which includes both the Manin—Mumford and the Mordell
conjectures as special cases; in a refined form this states that if I is a
subgroup of finite rank of a semi-abelian variety defined over an alge-
braically closed field L of characteristic O then the intersection of I' with
any closed subvariety V is contained in a finite union of translates of
subgroup varieties all of which are contained in V. To deduce Mordell’s
conjecture from Lang’s conjecture, we have to consider the case when
L is an algebraic closure of a number field K and I' is the group of
K-rational points of the Jacobian of a curve X of genus greater than
0. It follows from the Mordell-Weil theorem that I" has finite rank and
Lang’s conjecture implies that the intersection I' N X (K) is contained
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in a finite union of abelian subvarieties in X ; if this is infinite then the
abelian subvarieties have dimension 1 whence the genus of X must be
1. Similarly one sees that Lang’s conjecture implies the results of Vojta
on subvarieties of semi-abelian varieties as referred to in Section 8.3.
To deduce the Manin—Mumford conjecture from Lang’s conjecture, we
have to consider the case when I has rank 0; in this instance, I" consists
entirely of torsion points and one sees as above that any curve X with
positive genus, regarded as embedded in its Jacobian, such that ' N X (L)
is infinite must be elliptic.

Two distinct proofs of the Lang conjecture in the case when V is a
curve and the semi-abelian variety is a torus, both of these assumed
defined over a number field K, were given by Lang and he attributes
the underlying ideas to lhara, Serre and Tate. Subsequently Laurent
[142] established the conjecture subject only to the hypothesis that the
semi-abelian variety is a torus and Bogomolov [44], returning to the
number field case, studied the situation when the semi-abelian variety
is assumed to be abelian. He succeeded in proving the assertion subject
to restrictions on the order of the elements of I" and his exposition
involved studies relating to Galois representations on the Tate module;
the latter provided a new tool in Diophantine geometry for transferring a
geometric action into a Galois action and there are strong affinities here
with the work of Serre on elliptic curves as mentioned in Section 7.5.
The full Lang conjecture in the abelian case was proved by Raynaud
[199,200] and the general case was established in 1989 by Hindry [128].
Raynaud’s method involved first reducing to the number field case and
then studying the underlying abelian variety modulo p and p? for two
distinct primes p of good reduction; this yields control of the full torsion
group. Hindry, on the other hand, used a result of Serre on the image
of the Galois group in the ring of endomorphisms of an abelian variety
together with a technique from transcendence theory; the former had
its origins in the paper of Bogomolov referred to earlier and the latter
utilised a zero estimate originating from work of Masser and Wiistholz
[165] in the context of fields with large transcendence degree.
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